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Abstract. We prove the existence of time-periodic, small amplitude solutions of autonomous 
quasilinear or fully nonlinear completely resonant pseudo-PDEs of Benjamin-Ono type in Sobolev 
class. The result holds for frequencies in a Cantor set that has asymptotically full measure as the 
amplitude goes to zero. 

At the first order of amplitude, the solutions are the superposition of an arbitrarily large number 
of waves that travel with different velocities (multimodal solutions). 

The equation can be considered as a Hamiltonian, reversible system plus a non-Hamiltonian (but 
still reversible) perturbation that contains derivatives of the highest order. 

The main difficulties of the problem are: an infinite-dimensional bifurcation equation, and small 
divisors in the linearized operator, where also the highest order derivatives have nonconstant coef- 
ficients. 

The main technical step of the proof is the reduction of the linearized operator to constant coeffi- 
cients up to a regularizing rest, by means of changes of variables and conjugation with simple linear 
pseudo-differential operators, in the spirit of the method of looss, Plotnikov and Toland for stand- 
ing water waves (ARMA 2005). Other ingredients are a suitable Nash-Moser iteration in Sobolev 
spaces, and Lyapunov-Schmidt decomposition. 
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1 The problem and main result 

We consider autonomous equations of Benjamin-Ono type 

ut + nu^^ + d^{u^)+Afi{u) ^0 (1.1) 

with periodic boundary conditions x :— M/27rZ, where the unknown u(t, x) is a real- valued function, 
t € M., H is the periodic Hilbert transform, namely the Fourier multiplier 



^e'J^ = -isign(J■)e*^^ j G Z, 



and A/4 is of type (I) or (II), 



(I) J\fi{u) = gi{x,u,'Hu,Ux) + d^{g2{x,u,'Hu.^)), (1.2) 

(II) Ni{u) = go[x,u,'Hu,Ux,'Huxx)- (1-3) 

(|l.ip is a quasilinear problem in case (I) and a fully nonlinear problem in case (II). 

We assume that the function gi(x, y) is defined for ?/ = (?/i, . . . , y„) in the ball Bi = {|y| < 1} of R", 

n = 2,3,4, gi is 27r-periodic in the real variable x, and, together with its derivatives in y up to order 4, 
it is of class C in all its arguments {x,y), with 

E \\dy9r\\cnTxB,)<Kg,r, (1.4) 
0<|a|<4 
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for some constant Kg^r > 0. Moreover we assume that at y 

9^5i(a;,0) = Va G N", |a| < 3, (1.5) 

so that, regarding the amphtude, Ni{eu) = 0{e'^) as e — J> 0. 

We assume that the nonhnearity Af{u) := dx{u^) + A/4(u) behaves hke the hnear part dt + "Hdxx 
with respect to the parity of functions u{t,x) in the time-space pair {t,x). This means to assume the 
reversibility conditions 

gi{-x,yi,-y2,-y3) = -ffi(a;, 2/i, j/2, 2/3), ff2(-a;, yi, 2/2) = ^2(2;, yi, 2/2), (1-6) 
9o{-x,yi,-y2,-y3,-y4) = -50(2;, yi, 2/2, ys, 2/4), (1-7) 

so that in both cases (I) and (II) A/'(u) is odd for all even u, namely 

u{-t,-x) ^ u{t,x) ^ M{u){-t,-x) = -M{u){t,x). (1.8) 

Assumptions (|1.2I) . (|1.3p . (|1.6p . (|1.7I) are discussed in Section [5J 

Remark 1.1. Examples of such nonlinearities are: 

(I) Mi{u) = {UuxfUuxx + a{x)ul + uul + b{x)ul, (II) Mi{u) = a{x){'HuxxT + ul, 

where a{x) is odd and b{x) is even. □ 

We construct small amplitude time-periodic solutions u{t,x) of period T — 27r/aj, w > 0, where the 
period T is also an unknown of the problem. Rescaling the time t — > tut, this is equivalent to find 
27r-periodic solutions of the equation 

uJUt + Huxx + dx{u^) +^f4iu) ^0, (1.9) 

with u : T2 ^ M, cj > 0. 

Regarding the time-space pair (i, x) as a point of the 2-dimensional torus T^, we consider the L^-based 
Sobolev space of real- valued periodic functions 

H' = H%t';R) = ^^u=J2^kek■■u^k^UkeC, := ^ |7/fep(fc)2- < 00}, (1.10) 

where s > 0, {k} := max{l, |A;|}, and ek{t,x) := e*('=i*+'=2^). 
The main result of the paper is the following theorem. 

Theorem 1.2. There exist universal constants rQ,so,ca £ N with the following properties. 

Assume hypotheses (|1.2p . . . . , (|1.7p on the nonhnearity J\f, with r > ro- Let m > 2 and let < ki < 

k2 < ■ . ■ < k„i be m positive integers that satisfy 

ki + ... + k„,-i> k,n{m-3/2), ki + ... + km^{m-l/2)j Vj £ N. (1.11) 
Then there exist [i) a trigonometric polynomial 

m 

vi{t, x) :— Oj cos{kj X — kjt), 



even in the pair {t,x), where Oj g M, 
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TO _ 1/2 

(a) constants C, Eg > that depend on ki, . . . , km, Kg.ro j 
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(Hi) a measurable Cantor-like set Q C {0,£o) of asymptotically full Lebesgue measure, namely 

|gn(o,£o)| ^ , ^ w. ^ c* 

> 1 - eqC Veo < Eq, 

So 

such that for every e £ Q problem (|1.9p with frequency 

has a solution G iJ*"(T'^,M) that satisfies 

jue — ewi llso < £^C, u^{~t, —x) — u^{t^x), I u^(t,x)dtdx = 0. 

Moreover G H^{T'^) for every s in the interval Sq < s < {r + Co)/2. 
// g^^ i^ 0,1,2 in (ir2l),(lL3l) is of class then also Ue G C°°{T^). 

Remark 1.3. (i) The smallest example of fci, . . . , km satisfying (jl.lip is to = 2, fci = 2, k2 — 3. For 
every m > 2 there exist infinitely many choices of integers ki < . . . < k„i that satisfy See also 

Remark O 

(ii) So, ro and cq can be explicitly calculated: sq = 22, cq — 28 (non-sharp calculation); for rg see 
and the lines below it. □ 

2 Motivations, questions and comments 

The original Benjamin-Ono equation 

ut + Tiuxx + uux ^ (2.1) 

models one-dimensional internal waves in deep water |5j, and is a completely integrable [T] Hamiltonian 
partial pseudo-differential equation, 

dtU^JVHiu), J^-dx, H{u)^ j {^^ + ^)dx. 

The local and global well-posedness in Sobolev class for (|2.ip and many generalizations of it (other 
powers u^Uxi other linear terms dxlD^l^u, 1 < a < 2, etc) have been studied by several authors in 
the last years: see for example Molinet, Saut & Tzvetkov [ST], Colliander, Kenig & Staffilani [14 , Tao 
[37] ■ Kenig & lonescu [20 , Burq & Planchon [T3], Molinet [3D], and the references therein. On 

the contrary, to the best of our knowledge, there are few works about time-periodic or quasi-periodic 
solutions of Benjamin-Ono equations. One of them is j2], where 2-mode periodic solutions of (12.11) are 
studied by numerical methods; another one is |28| . which deals with an old very interesting question. 

In [2B] Liu and Yuan apply a BirkhofF normal form and KAM method to show the existence of quasi- 
periodic solutions of a Benjamin-Ono equation that is a Hamiltonian analytic perturbation of (j2.ip . with 
Hamiltonian of the form 

H{u) + eK{u), H = Benjamin-Ono, \7K{u) — bounded operator. 

The resulting equation is of the type 

dtu = -dx{nux + ^u^ +syK{u)} ^Au + F{u), (2.2) 

where the Hamiltonian vector field has a linear part A, which loses dA — 2 derivatives, and a nonlinear 
part F, which loses dp = 1 derivative and, for this reason, is an unbounded operator. 

In general, as it was proved in the works of Lax, Klainerman and Majda on the formation of singular- 
ities (see for example |25)V the presence of unbounded nonlinear operators can compromise the existence 
of invariant structure like periodic orbits and KAM tori. In fact, the wide existing literature on KAM 
and Nash-Moser theory mainly deals with problems where the perturbation is bounded (see Kuksin |27] , 
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Craig [l5j, Berti [6] for a survey. See also Moser [32, where the KAM iteration is apphed in problems 
where the Hamiltonian structure is replaced by reversibility). 

For unbounded perturbations, quasi-periodic solutions have been constructed via KAM theory by 
Kuksin [57] and Kappeler & Poschel [23] for KdV equations where = 3 and the gap between the loss 
of derivatives of the linear and nonlinear part is 7 :— {cIa — dp) = 2, in analytic class; more recently, in 
[ig for NLS and (E^) where = 2 and 7 = 1, in C°° class; by Zhang, Gao & Yuan [35] for reversible 
NLS equations with d^i = 2 and 7=1; and by Berti, Biasco & Procesi [7], where wave equations with 
a derivative in the nonlinearity become a Hamiltonian system with = 1 and 7 = 1, in analytic class. 
See also Bambusi & Graffi [1] for a related linear result that corresponds to a gap 7 > 1. 

Periodic solutions for unbounded perturbations have been obtained for wave equations by Craig [TS] 
for 7 > 1; by Bourgain [T2] in the non-Hamiltonian case utt — u^x + u + = 0; hy the author in [3] 
for the quasi-linear equation utt — Au{l + J \Vu\'^dx) = ef{t,x), where the integral plays a special role 
(/ jVupda; depends only on time). Also the pioneering result of Rabinowitz |36j for fully nonlinear wave 
equations of the form 

Utt - + aut + eF{x, i, m, Ux,ut,Uxx, Uxt, Utt) = 

certainly has to be mentioned here; however, the dissipative term a 7^ destroys any Hamiltonian or 
reversible structure and completely avoids the resonance phenomenon of the small divisors. 

The threshold 7 = 1 in Hamiltonian problems with small divisors has been crossed in the works of 
looss, Plotnikov and Toland [34], [33], [5T], [32] about the completely resonant fully nonlinear (7 — 0) 
problem of periodic standing water waves on a deep 2D ocean with gravity. So far their very powerful 
technique, which is a combination of (1) changes of variables and conjugations with pseudo-differential 
operators to obtain a normal form, and (2) a differentiable Nash-Moser scheme, is essentially the only 
known method to overcome the small divisors problem in quasi-linear and fully nonlinear PDEs. 

Note that recently normal form methods for quasi-linear Hamiltonian PDEs have also been successfully 
applied to Cauchy problems, see Delort jl6j . 

Thus, some of the general, challenging and open questions that come from the aforementioned works 
are these: 

• Which gap 7 is the limit case for the existence of invariant tori for nonlinear Hamiltonian PDEs? 
How many derivatives can stay in the nonlinearity? 

• What is the role of the Hamiltonian structure? Can it be replaced by other structures? 

The motivations of the present paper are in these questions. Theorem II. 21 joins the above mentioned 
results in the aim of approaching an answer, at least in simple cases, and shows that 

(z) if the dimension is the lowest for a PDE, (i,x) G T^, and 

(m) the derivatives in the nonlinearity have a suitable structure (see (|1.2p . pr3|) . (|1.6p . (|1.7p ). 

then problem (jl.ip , where 7 = (the nonlinearity Af{u) loses 2 derivatives like the linear part) admits 
solutions that bifurcate from the equilibrium u = 0. The Hamiltonian structure here is replaced by 
reversibility: (II. ip . in general, is a non-Hamiltonian perturbation of the cubic Benjamin-Ono Hamiltonian 
equation 

dtu + ndxxu + dxiu^) = 0, 

but Af{u) satisfies the reversibility condition (11.81) . 

Let us explain the reversible structure in some detail. As a dynamical system, problem (II. ip is 

dtu{t) = Viuit)), (2.3) 

a first order ordinary differential equation in the infinite-dimensional phase space L^(T;IR), where the 
vector field V : H^(T;R) L^(T;R), u ^ V{u) is 

Viu)ix) = -Hdxxu{x) - dxiu^ix)) -M4u){x). 
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The phase space can be spht into two subspaces ® of even and odd functions of a; e T respectively, 

u^u^ + u°, u^'i-x) ^u^ix), u°{-x) = -u°{x), xeT, ueL^{T;R). 

To decompose u = u'^ + u° means to spht the real and imaginary part of each Fourier coefficient of 
u G L'^{T;R), namely 

u{x) = ^^iJ-e*^^ u'^ix) = ^(Rewj) e'^''', = ^1 

Consider the reflection 

R : u^u^ + u" ^ Ru = u''-u°. (2.4) 
i? is a M-linear bijection of L^(T;M), and is the identity map. In terms of Fourier coefficients, 

jez jez 

where iij is the complex conjugate of iij. Note that Ru is real- valued for every real- valued u. (j2.3p is a 
reversible system in the sense that 

V o R = -RoV. (2.6) 

It is immediate to check (j2.6p for the linear part Hdxx of V using (|2.5p . and for the cubic part 92;(m'^) 
using ([2^ . To prove ((2^ for AA4(w), using (fTG)) . (fTTl) and (l2^ one has 

a(-x-) = -/3(a;), a(x) := 7V4(i?w)(x), /3(x) :=7V4(w)(x). 

Splitting a = a'' + a°, /3 = (3'^ + (3° and projecting the equality a{~x) = — /3(a;) onto Ll and give 
= —(3^ and a° — (3°, namely R(3 = —a, which is (12.61) for 7V4. 

(j2.6l) implies that V^(m) G for all u e n iJ^. For, is the set of fixed points u — Ru, therefore 
V{u) = -RV{u), whence (y{u)y = 0. 

By (1^ . if u{t) solves ((O)) . then also Su{t) R{u{-t)) is a solution of Thus we look for 

solutions of (|2.3p in the subspace X of the fixed points of S. It is easy to see, using (|2.4p . (12. 5p . that X 
is the space of functions u{t, x) that are even in the time-space pair (t, a;), namely u{—t, —x) — u{t, x). 

To prove Theorem 11.21 we apply (and slightly modify, under certain technical aspects; see below) the 
method of looss, Plotnikov and Toland. Like in [23], the main difficulties here are: (i) in the bifurcation 
equation, which is infinite-dimensional (for this reason (jl.ip is said to be a completely resonant problem) ; 
and, especially, (ii) in the inversion of the linearized operator, which has non-constant coefficients also 
in the highest order derivatives and, therefore, contains small divisors that are not explicitly evident. 

The main tool in the inversion proof is the reduction of the linearized operator C to constant coefficients 
up to a regularizing rest, by means of changes of variables first (to obtain proportional coefficients in 
the highest order terms), then by the conjugation with simple linear pseudo-differential operators that 
imitate the structure of C (they are the composition of multiplication operators with the Hilbert transform 
H), to obtain constant coefficients also in terms of lower order, and to lower the degree of the highest 
non-constant term. 

Since we look for periodic solutions, after a finite number of steps this reducibility scheme implies the 
invertibility of C, by standard Neumann series. 

Other, and minor, technical points are the following. Like in |23] . the Lyapunov-Schmidt decom- 
position is not used directly on the nonlinear equation, as it would be made in classical applications 
(see [S] for the Lyapunov-Schmidt decomposition in completely resonant problems). Instead, it is used 
a first time at the beginning of the proof, in a formal power series expansion of the nonlinear problem, 
to look for a suitable starting point of the Nash-Moser iteration. In other words, this means to find a 
non-degenerate solution of the "unperturbed bifurcation equation" . In Theorem 11.21 the existence and 
the non-degeneracy conditions are the first and the second inequality in (II. lip respectively. Then the 
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Lyapunov-Schmidt decomposition is used a second time in the inversion proof for the Hnearized operator, 
in each step of the Nash-Moser scheme. 

This method seems to be more comphcated than the usual Lyapunov-Schmidt decomposition on the 
nonhnear problem, at least at a first glance. However, it simplifies the analysis when working with changes 
of variables (namely compositions with diffeomorphisms of the torus T^). In fact, changes of variables do 
not behave very well with respect to the orthogonal projections onto subspaces of L^, because they are 
not "close to the identity" in the same way as multiplications operators are (in the language of harmonic 
analysis, changes of variables are Fourier integral operators, and not pseudo-differential operators. See 
also Remark 17.31) . For this reason, it is simpler to work in the whole function space 7?^(T'^) instead of 
distinguishing bifurcation and orthogonal subspaces, at least for the first step of reducibility. 

Nonetheless, in our setting (14.41) we keep track of the natural "different amount of smallness" between 
the bifurcation and the orthogonal components of the problem. Thanks to this small change with respect 
to [23], we avoid factors in the Nash-Moser scheme and simpliiy the measure estimate for the small 
divisors. 

Regarding the Nash-Moser scheme, the recent and powerful abstract Nash-Moser theorem for PDEs 
that is contained in [T^ does not apply directly here, as it designed to be used with Galerkin approxima- 
tions, while in our Nash-Moser scheme, after the reduction to constant coefficients, it is natural to insert 
the smoothing operators in a different position: see (j9.5p . Even if our iteration scheme is very close to 
the usual one, this small difference brings our problem out of the field of applicability of the theorem in 

m- 

Going back to the "unperturbed bifurcation equation" , we point out that the restriction of the func- 
tional setting to the subspace X of even functions (a restriction that can be made because of the reversible 
structure) eliminates a degeneration and makes it possible to prove the non-degeneracy of the solution. 
Moreover, the solutions we find in Theorem [Tulare genuinely multimodal: for m — 1 the second inequality 
in p. lip is never satisfied, whereas for every m > 2 there exist suitable integers ki, . . . ,k„i that satisfy 
(jl.lip and produce a non-degenerate solution. This is a nonlinear effect: the solutions of Theorem 11.21 
exist as a consequence of the nonlinear interaction of different modes. 

Regarding the special structure (jl.2p . (jl.3l) . the restriction of assuming (I) or (II), instead of considering 
the more general case 

^(u) = g{x, u, Hu, u.^, 'Hu.j:,Uxx, Hu^x), (2.7) 

is due to a technical reason: when J\fi{u) is of the type (I) or (II), in the process of reducing the 
linearized operator L to constant coefficients we use simple transformations, namely changes of variables, 
multiplications, the Hilbert transform % and negative powers of dx (which are Fourier multipliers). On 
the contrary, in the general case (j2.7l) these special transformations are not sufficient to conjugate C to 
a normal form, and one needs more general transformations: changes of variables should be replaced by 
general Fourier integral operators. In the intermediate case in which A/4 in (j2.7l) does not depend on 
Uxx (but it does on T-Lux), an additional term of the type h{t)dx'H appears in the transformed linearized 
operators after the changes of variables. This term could be removed by a simple Fourier integral operator: 
see Remark 1 7. II 

Regarding the choice of the leading term dx{v?) in (|l.ip (which is the first natural case to study after 
the integrable one dxiv?')), we remark that the cubic power has no special reversibility property: dx(u^) 
satisfy the reversibility condition (12.61) for every (both even and odd) power p G N. The proof of this fact 
is the same as above: if f{u) = dx{uP), using (j2.4l) one proves that {f{Ru)}{—x) — — {/(u)}(a;), then 
foR = -Rof. 

Finally, the coefficient 3 in the frequency-amplitude relation lu = l-|-3£^ could be replaced by any other 
positive number: 3 is simply the most convenient choice to do when working with the cubic nonlinearity 
dxiu^)- On the contrary, what is determined by the nonlinearity in an essential way is the sign of that 
coefficient: for the equation 

ut+nuxx-dx{u^) +N'4:{u) = 0, 

in which the cubic nonlinearity has opposite sign. Theorem 11.21 holds with uj = 1 — (the only changes 
to do are in the bifurcation analysis of Section [S]). 
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The paper is organized as follows. In Section [3] the setting for the problem is introduced. In Section 
|4]the formal Lyapunov-Schmidt reduction is performed up to order O(e^). In Section [5] non-degenerate 
solutions vi of the "unperturbed bifurcation equation" are constructed. Here the non-homogeneous 
dispersion relation of the unperturbed Benjamin-Ono linear part 

=0, 

where I is the Fourier index for the time and j the one for the space, is used in a crucial way. The basic 
properties of this relation are proved in Appendix llOl In Sections[6]and[7]the linearized operator is reduced 
to constant coefficients. Most of the proofs of the related estimates are in Appendix [T^ and use classical 
results of Sobolev spaces (tame estimates for changes of variables, compositions and commutators with 
the Hilbert transform) that are listed in Appendix 1111 In Section |S] the transformed linearized operator 
is inverted. In Section [5] the Nash-Moser induction is performed, and the measure of the Cantor set of 
parameters is estimated. 

Acknowledgements. I express my gratitude to Massimiliano Berti for many fruitful discussions and 
suggestions, Pavel Plotnikov, Gerard looss and Thomas Alazard for useful conversations, and John Toland 
for introducing me to the problem. 

This work is partially supported by the Italian PRIN2009 grant Critical Point Theory and Perturbative 
Methods for Nonlinear Differential Equations, and by the European Research Council, FP7, project New 
connections between Dynamical Systems and Hamiltonian PDEs with Small Divisors Phenomena. 

3 Functional setting 

Let 

Let Z := L'^{T'^,R). Decompose 

Z2=Z2,+Z| + Z|, Z2p = {(0,0)}, Z| = {(/,0):Z^O}, Z| = {(Z, j) : j ^ 0, / G Z}, 

let ^ ^ 

Zc = M., Zt = \u e L'^{T) : J -u(t) o|, Ze = \ji e Z : J x) = o|, 

so that Z = Zc ® Zt ® Ze, namely every u{t, x) Cz Z splits into three components 

^) = ( E + E + E e''"^''^ = "O'O + E "'^0 + E w e''"' 

Z2, Z|, Z% 1^0 j^O 

and denote IIc,LIt,T1e the projections onto Zc, Zt, Ze. Let Zq be the space of zero-mean functions, 
and P the projection onto Zq, 

Zo:=Zt®Ze, F:^ I -Uc ^Ut + Ue- (3.1) 
We define as the Fourier multiplier 

= - e*^'^ Vj ^ 0, d'^l = 0, 

and similarly d^^. Note that d~^dx = H^, %% = —He- 

To eliminate a degeneration that appears in the bifurcation equation, as it was mentioned above where 
the reversible structure was discussed, we consider the subspaces of even/odd functions with respect to 
the time-space vector {t,x): 

X := \u ^ Z : u{—t,—x)~u{t,x)^, Y := E Z : u{—t,—x) — ~u{t,x)^. 
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In terms of Fourier coefScients, every u £ Z is u = X^fcez^ WfeC/c with u^k ~ Uk (because u is real- valued) , 
namely Uk = au + ibk^ with ak,bk G M and a_fe — a^, fo-fe = —bk, therefore 

X ^ ^^u= ^ flfeCfe : afc G M, a_fe = afcj, y = |u = ^ ifo^^efc : 5fc £ M, 6_fc = -6fc j, 

and L^(T^, M) = Z = X © y. The usual rules for even/odd functions hold: uv £ X ii both u, u G X or 
both u,v G Y, and uwGFifMGXjtiGF. Moreover TL,dx,dt are all operators that change the parity, 
namely they map Y into X and viceversa, because they are diagonal operators with respect to the basis 
{efc} with purely imaginary eigenvalues. Assumption (jl.6p implies that the nonlinearity Af maps X H 
into Y, like the linear part ujdt + dxxH does, therefore J-{u, oj) G F for all w G X fl . 
Also, we denote 

Xq :~ X r\ Zq, 

while Y Zq — Y . We set problem (jl.9p in the space Xq of even functions with zero mean, namely we 
look for solutions of the equation 

T{u,uj)=0, ueXo. (3.2) 

Notation. To distinguish L^- and L°°-based Sobolev spaces, in the whole paper the following notation 
is used: two bars for L^-based Sobolev norms \\u\\s (jl.lOl) . and one bar for L°°-based Sobolev norms 

\u\s = \\u\\w-.°° = ^ sup ,j,)M(t, a;)|, s G N. 

0<|a|<s (*'^) 

4 Linearization at zero and formal Lyapunov- Schmidt reduction 

Let 

Split Z2 = V U W, 

V:={(?,j) gZ2 : l+j\j\=0} = {{-j\j\,j): j G Z}, W:=Z'\V 
and Z = V ®W, 

F := |m = ^ MfeEfe G z|, := |w = ^ u^efc G zj. 
fcev kew 

V is the kernel of L and is its range. Also, let Vq :— V Ci Zq, so that Zq — Vq (B W. 

We write a finite number of terms of a formal power series expansion to obtain a good starting point 
for our Nash-Moser scheme. Let 

a; = 1 + ^ ujke'^, u^'^Uke'^ G Zq, uu = Vk + Wk, Vk G Vq, Wk G W. 

k>l k>l 

Then 

J^{u,uj) ^ Lu+{uj- l)dtu + dx{u^) +JV4{u) 

= e Lui +e^{Lu2 +ujidtui} +e^{Lu3 + ujidtU2 + W29fUi + dx{ul)} 
+ e^{Lui + ujidtu^ + i02dtU2 + io^dtUi + dxi5ulu2) + e^'^Miieui)} + O(e^) 

fc>i 

In general, A/4(eui) also contains terms of higher order than e"*; in any case, Ni{u) — Na{£Ui) — 0{£^). 
At order e, Fi = Lui = if u>i = and ui — vi £ Vq. Then F2 becomes 

F2 = Lu2 + LUidtUi = Lw2 + ujidtVi. 



8 



Lw2 e W and ujidtvi G Vq. Since we look for vi ^ 0, we have = if W2 = 0, uji = 0, U2 = W2 G Vq. 

At order e'^ the nonhnearity begins to give a contribution: J-^ — Lw^ + uj2dtvi + dx{vf). The 
"unperturbed bifurcation equation" is the equation IlyJ-3 = in the unknown vi, namely 

u;2dtVi+Uvdxivf) = 0. (4.1) 

In the next section (see Proposition l5.3l) we construct nontrivial, nondegenerate solutions vi of (j4.ip with 
a;2 = 3. A solution vi of (j4.ip for any other value a;2 > can be obtained by homogeneity by taking 
vi = Xvi, X = (a;2/3)^^^. Hence there is no loss of generality in fixing uj2 = 3. At order e'^, 

J'i = Lu4 + 3dtV2 + ojsdtvi + dx{3vlv2) + e^^JV^ievi). 

We fix UJ3 = 0. The "linearized unperturbed bifurcation equation" is the equation TlyJ-i = in the 
unknown V2, namely 

3dtV2 + Uvd^{3vlv2) = -e-^nvAfiisvi), (4.2) 

which has a unique solution V2{£) because vi is a nondegenerate solutions of (|4.ip . Thus, at m = 

evi + e'^V2{s) and uj = 1 + 3e^, 

Tievi + e^v2, 1 + Se^) e^Ilwdx{vf ) + e^Uwdx{3v1v2) + Af^evi + e^V2) - Afi{evi) 

+ UwMiievi) + s^dx{3viv^2) + £'9,(«|). (4.3) 

With these power of e, the sufficient accuracy is achieved to start the quadratic Nash-Moser scheme (see 
section [S]). Hence, for e > 0, let 

F{u, e) := ie-*Uv + e-^Uw)T{evi + e^u, w) (4.4) 
= e-^p-^T{evi + e^M, 1 + 3e^) 

= nv{3dtu + dx{3vlu + eSviu^ + e^u^) + e^^JViievi + e^u)} (4.5) 
+ nw{Lu + e'^Sdtu + edx[{vi + euf] +e"^7V4(£ui +e^w)}, 

a;:=l + 3e^ -.^ Uy + Uw , P^^ ^ e'^ Uy + Uw ■ 
By (I4.3p . F{v2,s) = 0{e) (see Lemma 15751 for precise estimates). For e > 0, problem p.2p becomes 

F(u,e)=0, ueXo. (4.6) 

Like does, F also maps Xq into Y. 
5 Bifurcation 

In this section we construct a solution w G Vb of (|4.ip and prove its non-degeneracy. Recall that in V it 
is / + = 0. Let 

gj(t,.T) e'(-^lJl*+^'^), jGZ. (5.1) 
Note that qjj^qj2 = 1 = f?o if ji + 32 — 0. 

Lemma 5.1. 1) (Product of two terms). Let ji, j2 G Z &e both nonzero integers. Then Hy (g^-j ) = 
except the case when ji + j2 = 0. 

2) (Product of three terms). Let ji, j2, ja G Z &e all nonzero integers. Then Ilv{qjj^qj2qj3) = except 
the case when ji + j2 = or ji + = or j2 + js = 0. 

Proof. See Appendix fTPl □ 



9 



Consider m positive distinct integers < fci < ^2 < . . . < fc^, m > 1, and let 

K, := {fci, ^2, • ■ • , fc„i, fci, fc2, . . . , fcm} • 

Consider three elements v, v' , v" & Vq D X with only Fourier modes in K., 

jGAC jeic jeK 
with a_j = Gj £ R, and similar for 6j, Cj. Then 

Develop the smn with respect to ji. Let k £ IC. For ji = fc, ^viQjiQj^Qjs) is nonzero only if: 

^2 = fc or j2 = -k or j2 ^±k\ or j2 7^ ±k 

Hence in the sum only these four cases give a nonzero contribution: 

ny(uw'u") = ^ afefofcCfcqfc + ^ akbkCj qj + ^ akb-iCkqj+ ^ akbjCj Qk ■ 

k£K kJeK keK,j^±k keK,j^±k 

Since EfesACj^ifc = EfcjGK " EfceKj^fc " EfeeKj=-fc' ^^e third sum in 1^ is 

keK,j^±k k,jeK keK keic 

fcjeK k£K. fcG/C 

(in the last equality we have made the change of summation variable k = —k'). Analogously, the 
sum in (|5.3p is 

akbjCj Qk ^ 'Y akbjCj qk - ^ akbkCk Qk - akbkCk qk ■ 
fc6/C,i/±fc kJGK. keK fce/c 

Thus 

Ilvivv'v") = X! { -^"-kbkCk + a-ki^'^bjCj^ + ^fc ( X! "■J'^j) + '^'^ ( "j^j) } gfc ■ 

fcG/C iG/C jGK JGAC 

The formula for nv[9a;(w'w")] = dx^v{vv'v") simply has ikqk instead of qk- For v = v' ~ v" 
gives 



= 3 ^ ( - + ^ a^^ qk . 



Then 



3dtv + Ilv[dAv^)] =3^ (-|fc|-a2_^^a2^afeifcqfc. 

fcG/C JG/C 



This is zero if 

( 

iG/c 
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Since J2jeic ^^j ~ '^i^ti + ■ ■ • + (|5-5p is equivalent to 



^4, + < + 24, 



[2al+2al+2al 



— k 



(5.6) 



which is a system of m equations in the m unknowns a^^ , . . . , . Let M the m x m matrix that has 
1 on the principal diagonal and 2 everywhere else. M is invertible, and its inverse M^^ is the m x m 
matrix that has a on the principal diagonal and /3 everywhere else, with 



m - 3/2 
- 1/2 



, 13 



m- 1/2 



Hence (j5.6l) is equivalent to 



where (pi, . . • ,Pm) := M ^(fci, . . . , km), namely 



I = 1, . . . , 771 . 



(5.7) 



(5.8) 



(|5.7p has solutions with all aj ^ if all pj are positive. Note that pj > Pj+i, because (5 — a — 1 and 

Pj — pj+i = akj + f3kj+i — pkj — akj+i = fcj+i — fcj > . 
Hence all pj > if pm > 0, namely if 

fci + . . . + A:™_i > /c„(m - 3/2) . (5.9) 

When ttj satisfy (|5.7p . 

Y: 4 - 2(4, + . . . + at) = E ' (^-lO) 



ie/C 



Remark 5.2. ki, . . . ,km satisfy (|5.9p if they are sufficiently close, as if they form a "packet" of integers. 
Note also that if the smallest and the biggest integers satisfy the stronger condition 



k,n m - 1 
< 



(5.11) 



fci m — 3/2 ' 

then fci, ^2, . . . , km satisfy (|5.9p for every choice of the intermediate integers k2, ■ ■ ■ , k„i-i, because 

fci + ^2 + • • ■ + k„i-i > (m - l)A:i > (m - 3/2)fc,„. 
(|5.1ip is meaningful because (m — l)/(m — 3/2) > 1. □ 

Now we prove that for every / G Vb H F there is a unique /i G Vq n X such that 

idth + T\vd^{-iv^h) = /. (5.12) 

Let / G y n r and G y n X, 

/ = E iy^gfj- G V n y, = -y-,- G M, ^^'Y ^jlj e ^ n X, = hj G M. 
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Split 

and similarly h — H/ch + Tl^h. The formula for Hydxiv^^ich) is obtained from (I5.4p with bj ~ Uj and 
Cj = hj, namely 



qk- 



keic je/c jeic 

Hence 

SOtiUtzh) + Ilvd.j:{Sv'^Iitch) = 3 ^ | - \k\hk - Salhk + 2ak(^^ajhj'j + ^fe(X! "j) } 

keic jeK jeic 



which is, replacing by (|5.5p . 

= 3 ^ I - 2alhk + 2afe(^^ flj/ij^ | ifcgfe = 6 ^ | - Ofe/ife + ^ aj/ij| akikqk- 
keK jeK keic jeic 

Note that this sum has only Fourier modes in /C; in other words, the space of functions in V that are 
Fourier-supported on /C is an invariant subspace for the operator 3dt + Tlydxi'^v'^- ) (with, of course, the 
change of parity X — >■ F). 

Thus, the equation 3dt(nich) + Hy dx{iv^ (H^ich)) — Hytc/ is equivalent to 

-Ofc/ifc + y2 ajhj = =: y'k Vfc G K., 

namely to the system 



M 



(5.13) 



because y'_^. — y'^. for all k ^ ]C, where M is the m x m matrix defined above (1 on the principal diagonal 
and 2 everywhere else). Therefore there exists a unique solution of (|5.13p . 

Since aj solve (|5.7p . 

where C > depends only on ki, . . . ,k„i and m. 
^lch,Tlt 

,.2/ 



Now consider Ilj^/i,!!^/. In the product 



(H)^ /i) = E /Jj3 9J1 Qj3 

jid2eic,j3tic 



only the second case of (|5.2p occurs, namely ji = k = — j2 G A^, js ^ A^- Hence 

Hya:E(w^(H;^/i)) = alhj ij = ( E "fc) E 9j ^ '-^"1^2^"' (- 

keKJ^K keic j^K ' 

by ([STO]) . Therefore 

3a,(H^M + Hva.(3t;2(H^/.)) = 3 ^ ( - b1 + ^^l-J— g,. 



jtic 
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Analogously as above, note that this sum has only Fourier modes out of /C; in other words, the space 
of functions in V that are Fourier-supported on the complementary of K, is invariant for the operator 
3dt + Hydxi'iv^- ) (with the change of parity X ^ Y). The condition for the invertibility is 

''' + ---+^- Vj^lC. (5.14) 

m — 1/2 

When (|5.9p holds, ki + . . . + km > fcm(TO — 1/2), therefore {ki + . . . + km)/{m — 1/2) is automatically out 
of JC. Hence (I5.14p can be more easily written in this equivalent form: 

+ • • i N. (5.15) 

m — 1/2 

(|5.15p implies that 

fc^ + ^_+fc^ ^ ^^^^^ 
m — 1/2 

where S > depends only on . . . , fc^ and m. Therefore the equation 3dt(n^h) + UydxiSv^in^h)) = 
Hj^g has a unique solution 11^ /i, with 

\h,\<^\y,\ VjVO, j^/C. 

Also, by (j5.10p and Lemma ISTTl (fci + . . . + k„i)/{m. — 1/2) = nc(w^), therefore (j5.16l) can be written as 
\^c{v^)-\j\\>5\3\ foralljVO. 

We have proved the following result: 

Proposition 5.3 (Bifurcation for cubic nonlinearities). Let m > 2. Let < ki < k2 < . . . < km be m 

positive integers that satisfy (j5.9p and (j5.15p . Then there exist m positive numbers pi, . . . , pm > 0, given 
by (|5.8p . and constants C,S > that depend only on ki, . . . , km and have the following property. 

Let fC {fci, . . . , km, —ki, . . . , —km}- Every function v = X^^ga: ^'i^i G Vq H X which is Fourier- 
supported on JC with 

2 2 

Pll ■■ ■ O-km = 

is a solution of the unperturbed bifurcation equation 3dtv + Ilvdx{v^) = 0. 

For every f Vq CiY there exists a unique h € Vq Ci X such that 3dth + Tlydxi'iv^h) — f . 
If f e H", s>0, then h e iJ'+i, with \\h\\s+i < C||/||.. Moreover 

\Ticiv^)-\j\\>S\j\ Vj eZ, j^O. 

6 The linearized equation 

Remember that 

F{u,e):^e-^p-'^T{ev + e^u,uj), cj = 1 + 3e^ P''^ = e"^ Ilv + , 

where v :— vi is a solution of the unperturbed bifurcation equation (|4.ip as in Proposition 15.31 The 
linearized operator F'{u,e) applied to h, namely the Frechet derivative duF{u,e)[h] of F with respect to 
u in the direction h, is then 

F'{u, e)h = e-^p-^F'{ev + e^u, uj)[e^h] = P^^C{u, e)h, 

C{u, e)h :— F' [ev + e^u, uj)[h] = udth + (1 + ai)'Hdxxh + a2Hdxh + a^dxh + a^T-Lh + a^h 

where the coefficients a.i = ai{t,x) — ai{u, e){t, x) are periodic functions of {t,x), depending on u,e, and 
are obtained from dx{U^) and the partial derivatives of gi, g2 or go evaluated at {x, U {t, x), HU {t, x), . . .), 
U :— ev + e^u. For example, in case (I) 

ai{t,x) = {dy^g2){x,U{t,x),'HUx{t,x)), a2{t,x) = dxai{t,x), (6.1) 
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and in case (II) 

ai{t,x) = {dy,gQ){x,U{t,x),nU{t,x),U.,{t,x),HU^.,it,x)), a2{t,x) = 0. (6.2) 

Af(U) = d^{U^) + OiV^), and U ^ ev + e^u ^ 0{e), therefore 01,03,04 = 0{e^), a^^as O(e^). 
More precisely: let (5o G (0, 1) be a universal constant such that 

\\{u,nu,u,,nu^,nu^^)\\L^ < 1 yu e h\t^), \\u\u<6o. (6.3) 

Proposition 6.1. Let K > 0. There exists Eq G (0, 1), depending on K , with the following property: if 
e e (0,eo), ||u||4 < K, and 

lleui +e^u||4 < eollwilU + £oll^*ll4 < (^o, (6.4) 
then the coefficients ai(u,e)(t,x), i = 1, . . . , 5 satisfy 

\ai\s + \a2\s + |o3 - s'^Sv^ls + \a4s + I05 - £^(352)^1^ < e^C{s,K){l + M^+a), < s < r. (6.5) 

Oi is of class as a function of {u,e), with 

\^ua^{u,e)[h]\s + \dua3{u, e)[h] ~ £^6vh\s + {dua^iu, e)[h] - £^{6vh)x\s 

1=1,2,4 

<e^C{s,K){\\h\\s+4 + \\u\\s+4\\h\U), (6.6) 
^ \deai{u,e)\s + |(9ea3(u,e) - e6w^|s + |5e05(M,e) - e{6v^)x\s < e'^C{s,K){l + 11^11^+4), (6.7) 

1=1,2,4 

for < s < r. The constant C{s,K) > depend on s, K, and Kg^r of (|1.4p . In these estimates the 
norm ||5i||s+4 appears like a constant C{s) depending on s. 

Proof In Section [HI □ 

Remark 6.2. In general, the inequality < CUmUl^ is false (see, for example, [26]), while it is 

trivially true that < \\u\\s for all s. Therefore to obtain the estimate HHuajajHioo < C||u||4 (which 

is used to prove (16.31) ) the right chain of inequalities is ||?^M£!;x||l°= < C||Hu2:a||2 < C||u2:a;|l2 < C||u||4. □ 

Since v,u € X, 

01,03,04 gX, 02,05 gF, 

and C{u, e) maps X H H'^ ^Y. 

As a pseudo-differential operator, we write 

C := C{u,e) = Ludt + (1 + oi(t, x))'Hdxx + 02(t, x)'Hdx + a3{t, x)dx + a^it, x)TL + az{t, x). 

In this operator notation a function p(t, x) is identified with the multiplication operator h 1— > p(t, x)h, and 
the composition is understood: for example, dxP is the operator pdx +Px, because dx{ph) = pdxh + pxh. 
To emphasize that we are in the space of zero mean functions, write 

C := FCF, 

where P = / — He is defined in p.l[) . Since F maps Xq — > Y, also F'{u, e) maps Xq — > Y, therefore 

Ch ^ Ch V/i G Xq 
because Fh ^ h and Ff = f for a\\ h e Xq, f eY. 

7 Reduction to constant coefficients 

In this section the linearized operator is conjugated to a linear operator with constant coefficients plus a 
regularizing rest. The transformation is performed in several steps. 
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7.1 Change of variables 

As a first step in the reduction proof, we construct a change of variables that transforms £ into a new 
operator with constant coefficients in the highest order derivatives dt and T-Ldxx- Since C maps Xq into 
Y, we want that our transformation maps Xq — > Xq and Y ^ Y. 

We consider difFeomorphisms of the torus {t, x) £ which are the composition of (i) a time-dependent 
change of the space variable x x + f3{t, x), and (ii) a change of the time variable t ^ t + a{t) that 
does not depend on space. DifFeomorphisms of this type preserve the special role of the time variable as 
"a parameter" with respect to pseudo-differential operators of the space variable like TL. 

Let 

ip-.T^ ^T^, x) := {t + a{t), x + /3{t, x)) = (r, y) 

and let be the transformation ^ : u H> ^u, 

x) := u{i;{t, x)) = uit + a{t), x + pit, x)) = uij, y). 

a{t) and x) are periodic functions in Y to be determined. 

The conjugate ^~^p^ of any multiplication operator p : h{t,x) p{t,x)h{t,x) is the multiplication 
operator {'i/~^p) that maps v{T,y) i-> (\l/~^p)(r, y) t'(r, j/). By conjugation, the differential operators 
become 

= [1 + (*-^«') W] dr + {■9-^f3t){r, y) dy, ^^^a.* = [1 + y)] dy, 

= [1 + (*-1/3x)(t, a^j, y) dy, ^-^H* = H + Te^, 

where TZ-u is defined by the last equality, and it is regularizing in space, bounded in time, see Lemma 

Since a, /3 G F, ^ maps X ~> X and Y ^ Y. However, in general, ^' does not map Xq into Xq^ To 
obtain a transformation of Xq onto itself, consider the projection onto Zq, 

* := P*P. 

Since ^-^Hc = He, one has P^'-^nc = PHc = 0, and 

P^»-ip = P4»-i(/_nc) = P*"^ (7.1) 

As a consequence, 

(p^-ip)(P4(P) = P4<-ip4<p = P^i-i^P = P, 
therefore ^/ : Zq ^ Zq is invertible, with inverse 

= (P*P)-1 = P^f-lp. 

Thus ^I^ is a linear bijective operator of Xq — ;> Xq and Y ^ Y. Also, 

[^,F]h^[Uc,'i']h^Uci&' +Py + &'^y)h=-^ [ h{a' + py + a'Py)dTdy, (7.2) 

where (r, y) i— >■ (t -I- cx(t), y + I3{t, y)) — iIj^^{t, y) is the inverse of V', and similarly 

[*-i,P] = [Hc,*-^] -nc(a' + /3x+a'/3x). 

These commutators are regularizing operators, both in space and time (by integrations by parts, any 
derivative applied to the argument h moves to a, /3 or a, j3). 
By (EH), 

Ci := ^-^c^ = p*"ip/:p*p = p*"1/:p*p = pCiF, 

^Fov example: let u(t, x) = cos t G Xq, /3 = and a such that the inverse of t t + is r i-> t + (1/2) sin t. Changing 
variable in the integral, /j2 (^'tt) da; = (1/2) /.u,2 cos'^ T drdy > 0, therefore ^Ji ^ Xq. 
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where 



£1 = u:[l + W] dr + [l + -iai)(T, y)] [1 + {^-'P.){t, y)f dyyU 

+ {[! + (vf-iflOCr, y)] (vf- y) + (*^^a2)(T, + (vl'-i/3,)(r, y)]} 9,7^ 
+ {Lo{^-^Pt){T, v) + (vI'-ia3)(T, y)[l + (vl'-i/3,)(r, y)]} 9, 
+ {■^-^ai){T, y)n + {'f-^a5){T, y)+ni, 

ni = [l + (*-^ai)(T, y)] [1 + (*-1/3x)(t, y)]2 a^^^Tl^ (7.3) 
+ {[1 + {^-'a,){T, y)] y) + (*-^a2)(T, y)[l + (vI'-V.)(r, y)]} 5^7^« 

+ (*-ia4)(T, y)7eH - P(^'-^a5)(T, y)[nc, *] 

because ^IIc = asHc- We look for a, /3 such that the coefficients of dr and dyyH are proportional, 
namely 

[1 + (*-iai)(T, y)] [1 + (vI/-1/3,)(t, y)]^ = ^2 [1 + (*-'a')(r)] (7.4) 
for sonic /i2 £ M. (|7.4p is equivalent to 

(l + ai(t,x)) (l + /3,(t,x))' =A'2(l + a'(t)). (7.5) 

Take the square root of (|7.5p . 

1 + /3,(t, a;) = ^l^^ (1 + a'(i))'/'(l + aiit,x)y'^\ (7.6) 

and integrate in dx, 

l = M^/^(l + a'(t))V2i- il + a,)-'/'dx. 

Take the square, 

A^2(l + «'(i))- (l + ai)"'/'rf^) (7.7) 
Integrating in dt determines /i2 G 



then a(t) Cz Y is also determined, 

a(t) = -9r'(nTP)(t). 

M2 

Since oi G X, also p £ X, therefore a S y, as it was required. (|7.6p gives 
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/3.=pV2(i + „^)-i/2_i = ^^_l = JkbL^ p:=(l + al)-^/^ (7.8) 
therefore the Z£;-component of (3 is determined, 

O^TP)(t) + Tlc{p) 

Since ai G X, also p € X , and IIb/? G as it was required. The Z^-componcnt of /? will be determined 
later. With this choice of a,P, ([7H) is satisfied. By ([7^ . 

where M is the multiplication operator of factor [1 + (^~^a')(r)], 

C2 = Lodr + fJ.2dyy'H + aei^T^y) dyU + aj{T,y) dy + ae,{T,y)'H + ag{T,y) + 7^2, (7.9) 
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aa(r, y) := ( + "^^^7;+;^^^ + ) (r, y), as(r, := (^) (r, 



1 

We show that 

aeiT,y)eZE. (7.10) 
For each fixed t — t + a{t), changing variable y — x + /3{t, x), dy ^ {1 + /3xit, x)) dx in the integral, 

( ^, f^^ il + ai{t,x))(3xxit,x)+a2it,x)il+^x{t,x)) ^^ , ^ 
a6[T,y)dy^ ^— — 777^ (1 + a;)) dx. 



By dill), 



il + ai)Pxx+a2{l + (5x) ,^ , ^, (l + ai)^:.:r + a2(l + /3:z;) 

(,i + Px) — M2 ■ 



1 + a' ' ' (l + ai)(l+/3,) 

In case (I) a-i = {ai)x (see (je.ip ). therefore 

(l + ai)/3.. + a2(l + /3.) [(1 + ai)(l + fe)]^ 
(1 + ai)(l + /^j,) (l + ai)[l + Px) 

in case (II) 02 = (see (|6.2p ). therefore 

(l + ai)fex + a2(l+/3.) „ 
FT — VI _L « A = 1,0 = a^rjlog 1 + /3x }■ 
(l + ai)(l + /:i:r) i+Px 

Hence in both cases (I) and (II), by periodicity, f^^ agdy — 0, which is (j7.10p . 

Remark 7.1. The assumptions (I), (II) on the nonlinearity Af4{u) have been used to prove (|7.10p . In 
more general situations, when (I) (II) are not satisfied, a term h{T)'Hdy also appears, where 6(t) 6 Zt 
is the Zy-component of the coefficient oe (which here is zero by (j7.10l) ). This term can be removed by 
using the Fourier integral operator 



u(r, y) — ^ Uj (r) e*-'^ t-> Au{t, y) — ^ Uj (r) e* 



where p(t) — d^^b{T). □ 
Now we choose the ZT-component of /? so that 11^07 — 0. Denote ^{t) :— {IlT(3){t). As above, 

ZttJt 27rJo 1 + Q;'(t) 

This integral is equal to some constant e K if and only if 

u;j'{t)+a{t)=fi,{l + a'{t)), a{t) := ^ J^^ (ojpf {1 + p^) + a^il + p^f) dx, := n^;/3. (7.11) 

Hence an integration in dt on T determines /ii G M and 7 G Zy, 

;.,.H,(.), ,(t) = G Z.. (7.12) 

ui 

Thus 

IIc(a7)=Mi, a7-/iiGZ_E. (7.13) 
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(T e X because as e X, therefore 7 G F as it was required. Hence (3 — 7+ (IIb/?) e y. As a consequence, 

06,09 eF, aj,as.€X. (7-14) 

Since / = P + nc, 

£1 = P£iP = PTW/IaP = (P7WP)(P/:2P) - PXnc£2P = MC^, 



where 
Thus 



7W:=P7WP, /:3:=P/:3P, £3 = £2 - A^"^A^nc£2. 



£3 = w^i- + H2dyy'H + a(i{T,y) dyH + aj{T,y) dy + as{T, y)'H + ag{T,y) + TZ^, 

7^3 ■■=712- M'^MUcC2. 
A4 is invertible, its inverse A4~^ maps Xq Xq and Y —i' Y, and 

M-'h ^ mh - ^ nc(m/.), rnir) := , (7.15) 



whence 



He (to) 



Formula (j7.15p can be proved by a direct calculation: AiAi^^h — M^^Aih — h for all h e Zq. 

From Proposition [O] and the explicit formulae above, fj,2, fJ-i, p,a, l3,^ all depend on {u,e) in a 
way, and the following estimates hold. 

Proposition 7.2. Let K > Q. There exists Sq G (0,1), depending on K, such that, if s G (0,£o), 
ll^lls £ K, and ||'u||4,eo satisfy (16. 4p . then all the following inequalities hold. 
^.2{u,e) and p,i{u,s) satisfy 

IM2-1| <e'C(K), \duP2[h]\ < e^C{K)\\h\U, Id^ml < e^C{K), (7.16) 

\pi-e^Uc{3v^)\<e^C{K), \duPi[h]\ < e^C{K)\\h\\5, \d,fii ~ eUc{6v^)\ < e^C{K). (7.17) 

'il){t, x) = {t + a{t), X + l3{t, x)) and its inverse ip^^{T, y) = {t + a(T), y + I3{t, y)) are diffeomorphisms of 
T^, with 

\a\i + |/3|i + |a|i + l^li < s'^CiK) < 1/2, + |/3|. + |ci|, + |^|, < e3c(s,i^)(l + hlU+4), (7.18) 
for all 1 < s < r. a, l3, a, /3 are functions of {u, e). For 1 < s < r ~ 1, their derivatives satisfy 

\dua[h]\s + \dul3[h]\s + \dua[h]U + \dJ[h]U < e^Cis, K){\\h\\s+4 + MU+^hW^), (7.19) 

\d,a\s + \d,PU + \de&\s + \deP\s < e^C{s, K){1 + hlU+5). (7.20) 

The operators satisfy 

+ ll*"VlU < Cis, K)i\\f\U + |klU+4||/||i), ||*/||o + ||*-Vl|o < 2II/II0, (7.21) 

IK* - I)f\U + I)f\U < e'Cis, K)i\\f\U^ + ||^|U+5||/|!i), (7.22) 
for all 1 < s <r. ((7?2T]) . (17^ also hold for Moreover, for I < s < r, 

!*/!,, + IVI/-I/I, < C{s,K){\f\s + h|U+4|/|i), |*/|o = |*-V|o = l/lo, (7.23) 

K* - /)/|, + !(*-! - /)/|, < s'C{s,K)i\fU+, + |hi|U+5|/|i). (7.24) 
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The operators 'i!,'^ ^ depend on (m,£) via a,p. The derivatives of ^ f , ^ with respect to u in the 
direction h and with respect to e satisfy 

\m^f)[h]\U + ||9„(*-V)Wlls < e'Cis,K){\\f\U+,\\h\U + ll/llil|/^ll.+4 + lklU+5ll/lli||/i||5), (7.25) 
IIWIU + Wde^^'fWs < e^C{s, i^)(||/||.+i + hll.+sll/lli), (7.26) 

for all 1 < s < r — 1. (I7.25P and (j7.26p also hold with \ |s instead of \\ \\s on the left-hand side and on f . 
(17:25)) and (17:26)) also hold for ^ .-^-^ . 
For 2 < s < r, 

\\{M I)f\U + WiM-' I)f\U < e'Cis, K)i\\f\U + \\u\U4fh). (7.27) 
The derivatives of Aif , Ai^^f with respect to u in the direction h and with respect to £ satisfy 

\\duiMf)[h]\U + \\du{M-'f)[h]\U < e^C{s,K){\\fUh\\6 + ll/l|2||/i|U+5 + \\u\U+M2\\hh), (7.28) 
mMfWs + \\d,M-'f\\s < e'C{s,K){\\f\U + ||u|U+6||/||2), (7.29) 

for2<s<r-2. 

The coefficients of £3 satisfy 

laels + lay - £^35^1^ + \as\s + \ag - e^{3v'^)^\s < e^C{s,K){l + \\u\\,+e), (7.30) 
\duae[h]\s + \dua7[h]\s + \duas[h]U + < e^C{s, K)i\\h\U+i + ||?/||,+6||/i||5), (7.31) 

\deae\s + \dea7 - e6v^\s + \deas\s + \deag - e{6v'^)x\s < e^C{s,K){l + ||u|U+6). (7.32) 

For s, mi, 7712 > 0, m = mi + m2, m + .s + 1 < r, 

||5™^7e„ar/lU < e'Cis,m,K){\\fUl + HulU+s) + l|ul|,+™+5||/||o). (7.33) 

For m, s > 0, m + s + 3 < r, 

||7^.9;"/IU < e^C{s,m,K){\\f\\s{l + h||™+7) + \\fMu\Um+7), » = 1,2,3. (7.34) 

Proof In Section □ 

Remark 7.3. The loss of one derivative for the difference — / in ()7.22p . (|7.24p is typical of any change 
of variables: in general, if we want to estimate a difference h(x + p{x)) — h{x) with a factor of size p, we 
can do nothing but making a derivative, h{x + p{x)) — h{x) ~ h'{x)p(x). □ 

7.2 Descent method: conjugation with pseudo-differential operators 

We construct an invertible linear operator $ = P<i>P that maps Xq — > Xq and F — > F and conjugates £3 
to a new operator 

£4 := $-^£3$ = PAF, Ci = V + n, (7.35) 

where V has constant coefficients and the remainder TZ is regularizing in space, bounded in time. We 
look for T> of the form 

V = ujdr + t-t2dyyn + fildy + i^'q + v^U + {v'_i + i^-iH)^-^ + {v'_^ + i^-2n)d-^, 

where ^i2,l^i are the constants calculated in the previous section, Vk^i^'j,, k — 0,-1,-2 are constants to 
be determined. We look for $ such that (P£3P)(P$P) - (P<I>F)(POT) is an operator of order < -3 in y. 
Write $ as 

$ = $o + $i+$2 + $3, $fe = (aC^) +-«/3'^■))a-^ fc = 0,l,2,3, 

namely <^>kh = a'^^'id-^h + H{P^^'^d-^h), where a^^^r, y), P^^^t, y) are functions to be determined. $ is 
close to the identity if a'^") is close to 1 and all the other a''"'-', fi'^^^ are small. 
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Calculate and write the terms of order 1, 0, —1, —2 in y, and move all the 'H' on the left-hand side, 
introducing the corresponding commutators (for example, write aH as Tia + [a,'H]). Note that 

n'^ = Hn = -Ue = -I + Ti^, iii:=i -nE = iiT + iic. 

is regularizing in y because it is the operator that takes the mean of a function with respect to y. 
Therefore, up to a regularizing rest, sums and products of terms of the type (a + 71/3) follow the same 
algebraic rules as those of complex numbers, where the role of i is played by As a consequence, to 
perform the calculations up to terms containing 11^ or commutators with H it is comfortable to introduce 
the complex notation: 

/(fe) — aC^) + ^ ujdr + fi2idyy + ajedy + agg, + 1^3, are ■.=^ ar + iae, ags := ag + ias, 

V = Ludr + ^^2^^yy + i-iidy + cq + c-idy"^ + c^2dy^, c^k J^Lk + i^^-k, 
where i means T-L. 

We stress that this is only a notation, as H maps real-valued functions into real-valued functions, and 
therefore a + H/3 is real when a, (3 are real. Straightforward calculations (use P = / — He for ag) give 

£3$ - <|p = p{T,dy + To + T-i^^i + +T^2d;^ + 7^4)P, (7.36) 

where the coefficients are 

Ti ^ Q/(°), T_i = Q/(2) + ^/(i) - c_i /("), 

To = Q/(i) + T_2 = g/(^) + 5/(2) - c_i /(I) - c_2 (7.37) 

Q, S mean 

Qf 2i/i2/y + (are - v) /, Sf := (£3 - TZ-s - cq)/ ujfr + i^fyy + are/y + (ags - cq)/, 
and the rest TZ^ is the sum TZ^V^ — aglic^ + terms of order dy^ + other regularizing terms that 

(a) contain a commutator [g, 7^], where 5 G {oj, a^^), /J^*^) : j = 6, 7, 8, 9, k ^ 0, 1, 2, 3}; or 

(b) contain 11^. 

The complete formula for TZ^ is in Appendix 1121 For example, typical terms are 

ni;/3(°)a2, a,n^p^^^dy\ [a,,n]a^\ [p^'\n]dy. 

Now we choose t'i, a^*^', /^C') such that all T„, n = 1, 0, —1, —2, vanish. Every T„ is an operator of the 
form T„/i = pnh + T-i{qnh) for some functions Pn{T, y), qn{T, y)- Thus T„ = if 

Pn = 0, g„ = 0. (7.38) 

To solve (j7.38p . which is a system of two equations in the real- valued unknowns a^^\ I3^^\ we use complex 
notation again. Consider the complex- valued unknown f^^'^ = a^'^) -I- ij3^^'^ , where now i is the standard 
imaginary unit of C. Then the real system (|7.38p is equivalent to the complex ODE Q/*-"-* = for n — 1, 
and similar complex equations for n = 0, —1, —2, according to (|7.37l) . Hence we look for complex-valued 
solutions Z^*"'' of the four complex equations T„ = 0, n = 1, 0, —1, —2. 

Reduction 0/ Ti . — Let 

a7Q{T,y) a7e{T,y) - A^i = a7(T,y) - ^ll +ia6{T,y). 
Remember that ay - t/, ae G Ze (see ((77Tg)) . (fn^ ). Ti = if 

Q/(°) = 2zAi24°' + afe(T, y) = 0. (7.39) 
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The solutions of (|7.39p are the exponentials /(°' = exp{(p), where ip{T,y) satisfies 

2iH2^y + afe{T,y) = 0. (7.40) 
(|7.40p determines the Zs-component of (p, 

Reduction o/Tq. — Since /^^^ —exp(ip), 

5/(0) ^ j(o)^(o)^ g(^) :^^^^ + ,^^^^2^^^y^)+areVy + {ass-co). (7.41) 

Moreover 



by (j7.40p and because aye = a^^g + v. Since Qf^^"^ = 0, we solve the equation To = by variation of 
constants: /^^^ = ,y(i)/(o) is a solution of To = Qf^^'> + Sf^°'> = if 7/(1) solves 

2iAi2 + 3^"^ = 0. (7.42) 

(|7.42p has a periodic solution 77^^) if e Ze- The condition 

nc(5("') = nc((af6)2) + nc(a98) - CO = 



determines the constant cq, 



co^—nc{{afe)^)+nc{a<,s) e c. 



The condition 



determines the Zy-component of if, 

{^TV)ir) = (a-inr(af6)2)(r) - ^ (a7^nTa98)(T) G Zt. 

So g'^"-' €E Zb, (I7.42P can be solved, and the Z^j-component of 77*^^^ is determined, 

(nW^))(r,y) = -^(9,-V°^)(r,y) eZE. (7.43) 

Reduction o/T_i. — Since /(^^ = v'^^^ f'^^K = f^°^g^°\ by (fTIOl) and the definition of S, 

5/(1) _ /(O) = ^(i)5/(«) + r;W [27^,4°) + a.e/f")] + /(°) [c^Tyf^) + z^^^^,) - c_i] = /("'g^^), 
where 

g(i) ^(i)g(o) + ur^W + + ^^^yW - c_i. (7.44) 

By variation of constants, = ,y(2)/(o) ig a solution of T_i = Q/(2) + 5/(1) - c_i = if t?^^) solves 

2i^2 ?7^'^ + g*'^ = 0. (7.45) 

(TTiS)) has a periodic solution 77(2) if g^^) e Z_e. By ([731]), = -2i^2ny \ therefore 

7;(i)5(") = -27^2^(1) 7,(1) = -7^25,{(7?(i))n e Ze. 
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As a consequence, the condition g^^^ G Ze determines 

nT(??^^^)=0, c_i=0. (7.46) 
Thus (I7.45P can be solved, and the Z^j-component of rj'^^^ is determined, 

{UEV^'^){r,y) - {d;'9^'^){r,y). (7.47) 

Reduction o/r_2- — Since c_i = 0, T_2 = Q/'^' + Sf'-^^ - c_2 /'"^- By the same calculations as 
above, 

where 

5(2) := ^(2)g(0) + ^^(2) + ,^^^(2) + ^^^(2) „ (7,48) 
By variation of constants, = ,y(3)/(o) is a solution of r_2 = Q/^'"^^ + S"/^^^ - c_2 /^°^ = if r/^) solves 

21/^2??^^ +5^^^ = 0. (7.49) 

(|7.49|) has a periodic solution 77'^) if .g(^) e Ze- Both (nT??'^'')^'"^ and (nc77''^').g''°' belongs to Z^; because 
G Zfi. Hence 

nT(77(2)ff(")) = nT[(nc^(^))5(") + (nTryt^))^^") + (n^r;(2))g(o)] ^ nT[(n^,7y(2))^(0)]^ 
and the same for nc(?7(^'5(°'). n£;ry(2) is given by (|7.47p . The condition nT.?*-^' = determines 

nTT?^') = -- 9-inT[(nB77(2))^(o)]^ (7 50) 

the condition Hcg^^^ = determines 

c_2 = nc[(nW^)g(o)]. 

Thus .g(2) e Ze, (17:49)) can be solved, and the Z^-component of 77^'^' is determined, 

(n^,ry(3))(r,y) = ^ {d-'9'^^'^){T,y). (7.51) 

The only terms that have not been determined by the four equations Ti = 0, . . . , T_2 — are Tici'-p), 
nc('7^"^-'), n(7(?7(^^), IVci'n^^''), and nT(f7*-'^^)- Fix all of them to be 0. Split real and imaginary part, 

Re(¥') = d:;^nT[{nEaj)a^] --d-^nriac,) - (a-ifle), (7.52) 

2/i2l^ 2/i2 

Im(^) - --^97inT[(n£a7)2 - (a6)2] - - d-^nT{a^) + (a-iHsay), (7.53) 

4^2W W 2/i2 

^(0) ^ gRc ^Qg(jj^ (^))^ ^(0) ^ gRc (v) gj^^jjj^ (^))_ (7 

By (EH, 

Re ((p) G X, Im (^) G Y, a'-°^ G X, G Y. 

As a consequence, g'^°\r]'^^\g^'^\ri^^'' e Y + iX , g'-^\ r]^^'> <EX + iY, and 

a^i) G y, G X, e X, /J^^) e a(3) g Y, /S'^^^ G X. 

Hence $ preserves the parity, namely $ maps X — > X and F — > F. 
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By (fTM]) . (JlEa7)a6 eY, ag £ Y, therefore 

z/^ = Re (co) = 0, ^ Im {co) ^ -^nciiUEarf -al]+ He {as). (7.55) 
v-i — v'_i — 0, and 

= Re(c_2) - 0, = Im(c_2) = Im {nc[(n£;r7(2))^(o)]|^ (7 56) 

Put 

/xo := vq, := i^-2- 

Since Ti, Tq, r_i, T_2 vanish, (fTMl) becomes £3$ - $P = P7e4P, and (IT^ holds with 

Ci^V + TZ, V^ujdr+pL2'Hdyy + nidy+piQH + fi-2Hdy^, 7^ $"^P7^4. (7.57) 

If $ is invcrtible, we have transformed C into £4, namely 

£ = ^A4l>£4*"^^"\ £4 = (7.58) 

From the formulae above, /iq, /^-2! ct'''^'', Z?''^' are functions of (u,e), and the following estimates hold. 

Proposition 7.4. Let K > 0. There exists Sq € (0,1), depending on K, such that, if e £ (0,eo); 
ll^llig < K, and ||u|j4,eo satisfy (j6.4l) . then all the following inequalities hold. 

\fio\ < e^C{K), \dufio[h]\ < e^C{K)\\h\\5, \d,fio\ < e^C{K), (7.59) 

\fi^2\ < e^C{K), |a„/i-2[/i]| <£'C(if)||/l||i2, |9eM-2| < £'C(if). (7.60) 

The operator $ : Zq — > is invertible, and maps and Y Y . $, <i>^^ satisfy 

11(1. - /)/||. + ||($-i - /)/||. < e^C{s,K){\\f\U + \\u\\s+i2\\fh) V/ e Zo, (7.61) 

for all 2 < s < r — 7 . The derivatives of ^^^f with respect to u in the direction h and with respect 
to e satisfy 

\\du{^f)[h]\l + \m^-'f)[h]\U < e^C{s,K){\\fUh\\i4 + Il/l|2||/i|!s+i2 + hl|.+i2||/||2||/i||i4), (7.62) 

IIWIU + \\de^''f\\s < eC{s,K){\\f\U + h||.+i2||/||2). (7.63) 

Moreover 

115.(1' - I)f\\s < e'C{s,K){\\drf\\s + 11/11. + h||.+i3(||a./||2 + II/II2)), (7.64) 

\\d'y{^ - I)f\\s < e^C{s,K){\\d'j\U + ll/IU + \\u\U+i4{\\d'yfh + II/II2)), fc = 1,2, (7.65) 

for 2 < s <r - 9, for all f £ Zq. 

The operators *7Wl>, "l"^*"^, ^^^M^^^^^ are all of the type 1 + S, where S satisfies 

||5/||s<e'C(s,i^)(||/||,+i + ||^.||,+i2||/|!2), 2<s<r-7. (7.66) 
The rest TZ satisfies 

\\nd;^f\\s<e'C{s,K){\\f\\s + \\u\\s+i7\\f\\2), 0<m<3, 2 < ,s < r - 12. (7.67) 

Proof. The proof is in Section [T^ □ 
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8 Inversion of the transformed linearized operator 

In view of the Nash-Moser iteration, we invert £4 = P + 7^ on a subspace of Fourier-truncated functions. 
Let 

Zn:=^u= ^ WfcefcjcZ, k^{l,j)el?, \k\ = \l\ + \j\, Zqn '-^ Zq n Zn, 

\k\<N 

with > sufficiently large to have v G Zn, namely /C C [—N,N], where /C is defined in Section [5] (see 
Proposition 15. 3p . Let nTVjH]!^ denote the orthogonal projections onto Zn and Z^ respectively. Let 

XaN ■■= XoHZn, Yn-.^^YHZn, Fqat := n Zjv, WN:=WnZN. 

UnC^Hn maps Xqn — > Yn because £4 : Xq Y . Since Zqat — Vqat ® WV, to prove that ^nI^i^n '■ 
Xqn Yn is invertible, we project on the subspaces Vqn and Wn (Lyapunov-Schmidt decomposition, 
like in Section H]): given f &Yn, 

TT r TT u t , . rny„„/:4nyo„/i + nvo„£4nvi/jv/i = nvo„/ 

Since V is diagonal, V maps V V and W — > W , therefore 

livUIVw = HyTtHvi/, IVwUIVv = liwl^^v- (8.2) 

Lemma 8.1 (Inversion on Vqn)- Let K > Q. There exists eg G (0,1), depending on K, such that, if 
s e (0,eo), ||it||ig < K, and ||u||4,£o satisfy (j6.4p . then 

nyo„£4ny(,„ : VoAf Cl Xq ^ Vqn H Y 

is invertible, with 

mv,,CiUv,,)-'h\U < i\\h\U-i + \\u\U+i3 \\hh), 3 < s < r - 8. (8.3) 

Proof £4 $"^£3$ (see (|735|)V Split £3 = L + e^^ + e^s^ where 

L = dr+dyyH, Ah = 3drh + dy{3v^h), 
B = £-^{{iJ.2 - l)dyyn + ae dyU + (07 - e^Sv^) dy + a^U + (ag - e'^{iv\) + 7e3}. 

By (dl, (ESS, (EMU, 

\\Bh\l < C{s,K){\\hyy\U + \\hy\U + + 1 1 u 1 1 , + 7 ( 1 1 /i J | Q + 1 1 1 1 ) ) , 2 < s < T - 3. (8.4) 
Let Si : Zo ^ Zq, Si e-^{^-I), S2 := e-^{^-^-I) (recaU that P = / on Zq). Since HyL ^ LUy = 0, 

^e^Uvo^iA + eBi)Uvo^, (8.5) 

where 

Bi = eS2PLFSi + eS'aPA + sA¥Si + e^S'aPAPS'i + ^"^PSP'I. 
By Proposition 15. 3[ 11^^^ AEy^^ : Vow H — > Vqn n F is invertible, with 

||(ny„„Any„„)-i/i||, < yheVoNnY, ys>o, (8.6) 

where C > depends only on the set IC. By d73T|) . ((TIMl) . fTBS]) . for 2 < s < r - 9, 

+ ll^2/i|U < C(s,i^)(||/l||, + ||u|U+i2||/l||2), 

\\d.Sih\U < C{s,K){\\d.h\\s + \\h\\s + \\u\\s+i4{\\d.h\\2 + Whh)), d. = dr,dy,dyy, 
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for all h e Zq. Then, since L = dr + Tid^j, Ah ^ 3drh + iv^dyh + {3v^)yh, and by (Q, 

\\Uv„^B,Ilv„,h\U < Cis, K)i\\h\U+i + \\u\U+u \\hh), 2 < s < r - 9, (8.7) 
because \\d^h\\, = \\nd^h\\, = \\drh\\, < \\h\\,+i for all heV. Thus, by (EH), (lO) . 

mv„^BiUvo^){Tlv„^Anv„^)-'h\U < Cis,K){\\h\U + h|U+i4 \\hh), 2 < s < r - 9, 

for aU h £ Vqn H Y. Since Bi maps X into F, ^2 := {Hvon Bi^Von)(^Von ^^Von)^^ maps F into F. By 
standard Neumann series with tame estimates (see Lemma lll.2p , / + £i?2 is invertible as an operator of 
Vqn n Y onto itself, with 

\\{I + sB2y^h\U<C{.s,K){\\h\U + \\u\U+ii\\h\\2), 2<s<r™9, (8.8) 

provided that eC{K) < 1/2, for some C{K) > depending on K, Kg^r,\\v\\i9. By and (g^, 

nvi,„(A + eSi)nyo„ = (/ + eB2)-\Tlvo^AIlvor,) ■■ XoHVoN ^Y n Vqn is invertible, with 

\\{IlvoAA + eBi)nv,^r'h\U < Cis,K){\\h\U^i + \\u\U+i3 \\hh), 3 < s < r - 8. 

By (j8.5p the thesis is proved. □ 

By Lemma the VoAr-equation of system (18. ip can be solved for ny^^/i, 

nyoN^ = (nvowAnvo^) ^[nyg„/-nvojvAnH/„/i]. (8.9) 

Substituting LEvb^/i, and using (j8.2p . the M^Ar-equation of system (|8.ip becomes 

A{nwA) = h. (8.10) 

where 

nw^AHvy^ — (nvy„7tny(,„)(nyj,„£4nVo„) ^ (IIvojv '^Hv^'k ) , (8.11) 

/i := niv^/ - {UwnT^^Von)(^Von -^i^VoNy^^VoN f ■ (8-12) 

£4 = V+n, where 2? = ujdr+t^2'Hdyy+fiidy+fio'H+fi-2'Hd-'^, which is (f737|) . In the basis {e*('^+J2')}/j, 
2? is diagonal with eigenvalues 

= ^i,3{u,£) = «(w^ + /^2j|j| -Aiosign(j) - sign(j)(ij)"2 ) , (8.13) 

where cj = 1 + 36^ and fii{u,e) are functions of (u,e). By (fTTBl) . ((TTf)) . (fr59)) . dLHO]), 

- 1| + |Ai2 - 1| + |/ii| + ImoI + |m-2| < 1/2 (8.14) 

for e < So sufficiently small. Remember the notation {j) = max{l, 

Lemma 8.2 (Inversion on Wn). Let K > 0. There exists Eq G (0, 1), depending on K, with the following 
property. Let e G (0,£o), ||it||ig < K, and assume that ||u||4,eo satisfy (|6.4p . Let 

l^'j("'£)l>^ V(/,i)e>Viv, (8.15) 

where 

Wn {(/,i) e W : |j| < N} ^ {{l,j) e : I + / 0, |j| < N}. 
Then A : Xo n Wn -^YH Wn is invertible, with 

\\A~'h\U < Cis, K)m\s+3/2 + ll"lls+i6+3/2l|/i||2), 3/2 < s < r - 12 - 3/2. (8.16) 
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Proof. Since C4 = V + TZ, we have A = T^Wm + TIwn j where 

'Dwn ■— IIvFn ^Ilvi/jy , TZwn ^Wn'^^Wn ~ ^Wn'^^Vqn){^Von ^i^VaN)~^ ^Von'^^Wn) ■ 

Like A, also Vwm and T^vFn map X into F. Pwjv : Wn Wn is invertible because Ajj ^ for all 
(^,j)GW^.Let 

93 + Ht + He, We*('^+^'^) = W^- e'C^+J?^), = {ijf Vj ^0, % - 1. 
AjjIliYjl > 1/2 for every G Wjv because \Uj\ ~ (j)^. As a consequence, 

\\u-^v^lh\U <2\\h\U VheWN, Vs>0. 

By (fTHT)) and ([83, 

||7^w„^^/^IU < \\nw^dlh\u + ||7^w„(^T + nc)/^||s < e^cis,K){\\h\u + WuiUwWhh) 

for 3 < s < r — 12, whence 

l|7^w«2?VF>IU = mw.ll)(l(-'V^'Jh\U < e'Cis,K){\\h\U + \\u\U+M2), 3 < s < r - 12. 

For s = 3, l|7evF„^?HOv'*ll3 ^ £^C'(-^)ll'i|l3- By Lemma [IT^ / + 7^w„^?^:^.^ is invertible on W^jv, with 

||(/ + Uw^V^'j-'hlU < K){\\h\\s + ||u|U+i6||/^||2), 3 < s < r - 12, 

if ^^^(i^') < 1/2. Therefore A = {I + TZw,~,T>^^„)Vw,^ is also invertible. Now ||2?^^/i||s < C\\h\\s+3/2 
because, for indices {l,j) G W such that < 1, one has |jp < C\l\ by the triangular inequality and 

dHUD, so that l/|A;j| < 2(j)3 < C(/)3/2. Hence IKT^ follows. □ 

Remember the definition e^Hy + ^w- 

Lemma 8.3 (Inversion of Hn^^a^n)- Assume the hypotheses of lemmata \8. 1\ and \8.2[ Then for every 
f G Ypf there exists a unique h G Xqn such that IlpfC^Ilpfh = /. The inverse operator (JIn C^Hn)^^ 
maps Y/v — > Xqn , with 

m^UU^yflU < e-'Cis,K)i\\f\U+,/, + hL+i7+3/2ll/l|2), (8.17) 

||(nAr£4nAr)-ip,/||, + ||p,(n^An^)-VlU<c(s,i^)(||/||,+3/2 + ||u|U+i7+3/2ll/lb (8.18) 

3/2<s<r-12-3/2. 

Proof Use (EH), (OH . (ICTl) . iKWi . (lOl) and (151^ . □ 

Lemma 8.4 (Derivatives of (UnJ^a^n)^^)- Let K > 0. There exists Eq G (0, 1), depending on K, with 
the following property. 

Let e G (0,eo), ||u||22 < Ky assume that j|u||4,eo satisfy (|6.4p . and that (jS.lSp holds. Then, for 
2 < s <r -18, 

\\du{nNC4llNr'[h]f\\s < s-^C(s,K){\\f\\,+e\\h\\,4+ \\f\\sm\s+m 
||5,(n^£4n^)- VII. < £-'C{s, i^)(||/|U+6 + h||.+23||/||8), 

\\du{IlNC4TlN)-'[h]PJ\\s + \\PA{UNCiUNr'[h]f\\s 

< eC{s,K){\\f\\s+4h\\li + ||/||8(||/i|U+16 + h||.+23||/l||l4)), 

||R(njvAnjv)-VPe/IU + ||PsR(njv£4njv)-V/lU < e-^c{s,K){\\f\u+e + l|u|U+23||/||8). 
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Proof of Lemma \8.4\ By Proposition 16. 11 for all < s < r, 

\\Cf\l<C{s,K){\\f\U+2 + \\u\\s+i\\fh), 

l|a„£[/i]/||.<e3C(s,if)(||/|U+2||/i|j4+||/|!2(||/^|U+4+l|lilU+4l|/il|4)), 

\%Cf\U<eC{s,K)ms+2 + \\u\U+m2). 

Hence, from formula (fr58| . using the estimates ([TTM]) . ([LMI), dLMj), ((7:29| . (EH]), (fTBSl for 
and their inverse, 

\\Uf\\s<C{s,K){\\f\l+2 + \\u\\s+M2l 

\\duL[h]f\U < e'C{.S,K){\\f\U+s\\h\\,, + ||/||5(||/l|U+14 + ||u|U+l5||/l||l4)), 

\\dM\\s<eC{s,K){\\f\\,+^ + \\u\\s+i5\\fh), 
for2<s<r — 10. The Lemma follows from formula (111.91) and Lemma [8731 □ 

8.1 Further estimates 

In this section we collect some tame estimates that will be used in the Nash-Moser iteration. 
Lemma 8.5 (Tame estimates for F). (i) There exists Eq G (0, 1), depending only on \\vi\\5, such that 

£||t;i||4 + e'||«2||4<<5o, \\v2{e)\\s<C{s), ||4«2(£)IU < (8.19) 
\\F{v2{e),e)\\s < eC{s), \mF{v2{e),e)}\\s < C{s), (8.20) 

for every e G (0,eo), 2 < s < r. 

(ii) Assume that So, u,h satisfy ea\\vi\\4 + eQ{\\u\\4+\\h\\4) < 5q (Sq is the universal constant of (|6.4p ). 
and ||u||4 + \\h\\4 < K. Let 

Q{u,h,e) :=F{u + h,e) - F{u,e) - duF{u,e)[h]. (8.21) 
Then, for 2 < s < r, e e (0,£o), 

\\Q{u,h,e)\U < C{s,K)\\hU\\h\\s+2 + h||.+2||/i||4). (8.22) 
(Hi) Assume that eoWviWi + EqWuW^ < Sq, namely (j6.4l) . and ||m||4 < i^. Then 

\\F{u,e)\U<C{s,K)il + \\u\\s+2), (8.23) 

\\duFiu,e)[h]\U < C{s,K)i\\h\U+2 + \\u\U2\\h\U), (8.24) 

\\deF{u,e)[h]\U < e-'Cis,K){l + \\u\U2), (8.25) 
for all 2 < s < r, e e (0,eo). 

Proof In Section □ 

Remark 8.6. Estimate (|8.22l) actually holds with an additional factor e on the right-hand side. However, 
this makes no essential difference in our iteration proof below. □ 

Lemma 8.7. Assume the hypotheses of Lemma \8.4\ Then 

\\M{UNUTlN)-'TlN^-'M-'^-'Pef\\s < Cis, i^)(||/|U+5/2 + ll"ll s+17+5/2 11/ lb) (8-26) 

for2<s<r -12 ~ 3/2. 

Proof of Lemma\K]\ By ((7?^ and (TTMI) . the term on the left-hand side in ([5?^ is 

< Cis,K){mNCinN)-^TlN^-^M-'^-'P,f\\s + \\u\\s+l2mNCiUN)-'nN^-^M-'-^-^PJ\\2) 

for 2 < s < r - 7. Write ^-^M-^^-^ as / + 5, where S satisfies ([7J6)) . Since HnPc = Pe^N, 

(Hjv>C4Hjv)-^HAr|.-l^-l*-lp,/ = {IlNCiIlN)-'PeTiNf + (Hw£4Hw)"lHAr5Pe/, 

then use ([51^ for (Hjv£4njv)"^PenAr/, and use (jSTfl) . (TTM)) for {nNC4UN)~^IlNSPef. □ 
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9 Nash-Moser iteration and Cantor set of parameters 

Let 

X:-3/2, d>0, Af„ := exp(ax"), n e N, (9.1) 

with A^o — exp(a) sufficiently large to have /C C [— A'ojA'o] (/C is defined in Section [5]). Consider the 
corresponding increasing sequence of finite-dimensional subspaces Z„ :— Zn^, with respective projections 
n„ := TIn„- For 3-11 s, a > 0, n„ enjoys the smoothing properties 

\\IinU\\s+a. < N^\\u\\s Vli G i^^ (9.2) 

m^uWs < \\u\\s+a Vu e (9.3) 

where = / — n„. Note that (|9.2p . (|9.3p hold even if Nn > is not an integer number. 
In the previous sections we have proved the transformation 

F'{u, e) = P^^C{u, e) = P^^C{u, e) = p-^^M^U^-^^~^ (9.4) 

where VP, $, £4 all depend on [u, e). Following a suitable Nash-Moser scheme, we construct a sequence 
[un) C C°°(T^) of e-dependent trigonometric polynomials by setting uq :— V2 as defined in Section O 
ho := 0, and 

un+i ■■= Un + K+i, K+i := -n„+i*„$„(n„+i£4,«n„+i)"in„+i$^iAi-i>i/-iF^F(u„), (9.5) 

provided that the inverse operator I„ :— (n„+ii24(M„)n„+i)^^ is well defined on Z„+i. The notation in 
(|9.5p means 

£■4,71 ■■= A(w„) = A("n (£),£), *n *(w«) = *(w„(e),e), 

and similarly for $. Also, £4.„ = 2?„ -f 7?.„. We omit to write explicitly the dependence on e only 
to shorten the notation. At a first glance, (j9.5p could seem an unusual and excessively complicated 
Nash-Moser scheme. However, in some sense it is "the most natural" for the present problem, as the 
"normal form" for the linearized operator is given by C^^n = T^n + 'R-n, therefore it is natural to impose 
Diophantine conditions on the eigenvalues of I?„ and to insert smoothing operators n„ before and after 
it. 

With hn+i defined by ((931) . one has /i„+i = -n„+i*„$„I„n„+ic„, 

F{Un) + F'{Un)K+l = r„ ;= P-^^ nMn^n{^n+lCn - 7^„^„+lX„^„+lC„ + U^nbn) (9.6) 

where 

(|9.6p follows directly from (|9.5p . and is proved in Section [T^l Hence 

F{Un+l) = rn + Q{Un, /l„+l), (9.7) 

where Q is defined in (|8.2ip . 

By Lemma |8.3[ Yln+i£i{uny^n+i is invertible if the eigenvalues A/j (u„,£) of I?„ satisfy the Diophan- 
tine condition (|8.15p for u = u„ and N ~ iVn+i- Let yV„ Wat,,. Define recursively the set of the 
"good" parameters e, those for which (|8.15p holds: let Cyo (0,60)7 ^^^d define 

e„+i {eee„ : |A,,,(u„,£)| > ^ V(?,j) G W„+i}, n > 0. (9.8) 

Qn is the set of the parameters e for which (u^, Ak^ Qk) can be defined recursively for k — 0, . . . , n. 
On the contrary, after constructing (u^, hk, A^, Qk) for k < n, 

Sn+l Gn \ Gn+l 

is the set of the "bad" parameters e for which the Diophantine condition (I8.15P on the eigenvalues 
Xi,j{un,e) is violated on |/| -I- |j| < iV„+i, the inverse of (H„+i>C4(u„)H„+i) is not well-defined, 
cannot be defined by (j9.5p . and the recursive construction stops. Therefore at the n-th step we eliminate 
the bad set Bn+i, and restrict the parameter set to the subset Gn+i ^ Gn- For convenience, put Bq 0. 
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Proposition 9.1 (Nash-Moser induction and measure estimate for the parameter set). There exist 
universal constants ro,So > and constants C, C", cq, a, 6, Eg > depending only on Vi^Kg^^a such that if 
Qq ~ (0,£o); £o ^ ^0; ^ ^ fO: Ob^d o, dcfincs Nn in (j9.ip . then the following induction hold. 
Let (Pn) — {iPn){i), iPn){i'i)}, n>l, be the following set of statements. 

• (P„)(i). Qn is an open set. The Lebesgue measure of Bn satisfies \Bn\ < SQCbn, where the sequence 
(bn) satisfies J2n=o K = C < oo. 

• {Pn)(ii). For every e ^ Qn, hn{e) G Z„ is well-defined, hn '. Qn ^ Zn, £ ^ hn{e) is of class as 
a function of e, with 

|l/i„(e)|U„ <exp(-6x"), ||ae/i„(£)|U„ < e"^ exp(-5x"). (9.9) 

(Pi) holds. If {Pn) holds, then, using (j9.5p . (j9.8p to define hn+i andQn+i, {Pn+i) also holds. 
As a consequence, the Cantor set CJoo := nn>o^" (0,£o) has Lebesgue measure 

ISool >eo(l-eoC). 

For every e € Qoo, the sequence (u„(£)) converges in H'^"(T^) to a limit Uoo(e), which solves 

F{uoo{e),e)^0. 

Moreover, Uoois) £ i?'*(T^) for every s in the interval sq < s < (r + co)/2. 
Ifg^^ 0,1,2 in (lLll),([r31) is of class C°° , then also Moo(e) eC^{T^). 
Sq, ro and cq can be explicitly calculated: sq — 22, cq = 28; for see (j9.22p and below. 

We split the proof of Proposition 19.11 into two parts: the Nash-Moser sequence (P„)(m) with its 
regularity in subsection 19. 11 then the measure estimate (P„)(j) for the parameter set in subsection 19.21 

9.1 Proof of the Nash-Moser iteration 

First step. Let us prove (Pi)(m). For e e Qi, ((9?5|) defines hi = hi{e). By (|8.19|) . the condition (jO)) 
holds. By (|8.19p . if 22 < r, then ||t;2(£)||22 < C for all e £ (0, £o), for some constant C. Take this constant 
C as the "-fC" in all the lemmata of the previous sections, so that the assumption K > \\u\\22 is satisfied 
for u = uq = V2{£), for all e G (0,£o)- In this way, to indicate the dependence on K in all the constants 
C{s,K) is redundant, and we simply write C(s,K) = C{s). By (03]), ((51^ and dHUOl), 

\\hi\l = ||«'o*oIonico||. < C(s)(||P(uo)|U+5/2 + \\u4s+n+5/2\\F{uo)h) < £C{s) 

if s + 17 + 5/2 < r. Hence the first inequality in {Pi){iii) holds if 

£oC{s) < exp(-fex). (9.10) 

dghi is obtained by differentiating every term in formula (j9.5p with respect to e and applying the estimates 
for a^^, 4$, de{{niCi{uo{e),e)Ui)-^}, etc; using (|5T^ for d,V2, and (15:^ for de{F{v2ie),s)}, we get 

\\dehi{e)\\s < C{s) 

for £ G (0,£o), s + 17 + 5/2 < r. Therefore the second inequality in {Pi){iii) holds if (|9.10p holds (with 
a possibly different constant C(s), as usual). 

Inductive .step. Now assume that (Pn) holds, n> 1, and prove (P„_|_i)(m). By (j9.9l) . 

n oo 

\\un\\s < holU+Ell'^fell^ ^ ||i;2|U+C(6), C(6) :=^exp(-6x")- (9.11) 
fe=i fc=i 

Note that C(fo) is independent on n, it is decreasing as a function of b, and C(6) — > as & — >■ +00. Hence, 
for s > 22, \\un\\22 < IIW2II22 + C(6) < 2||«2||22 = C for aU e G (0,£o) if 

6 > C, (9.12) 
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for some C > 0. As in the previous step, take this constant C as the "X", and replace C{s,K) with C(s) 
in all the lemmata of the previous sections. Moreover, (I6.4p is satisfied for u = u„ if Eq is sufficiently 
small, independently on the parameters. Also, HmhHs < C{s). 

By (HH), (US]) and (jS:^ . for a > 0, 2 < s - a < r - 12 - 3/2, 

||/in+i||s < iv"+i||*„^„2:„n„+ic„|U_a 

< iV^-^+iCGs - a)(||FK)||,_„+5/2 + \\Un\\s-c.+17+5/2\\F{Un)\\2). (9.13) 

Take a := 17 + 5/2, and denote s' := s - 17. Since s' > 2, 

IIWilL, < < iV,?+iC(s)(||FK)IU' + \\Un\\s\\F{uM < N^+,C{s)\\F{Un)\\s' 

because ||u„||, < C(s) by By F{u„) = r„_i + 0(u„_i,/i„). Therefore 

< A + Aq, a Ar,'^+iC'(s)||r„_i||,,, 7V,'^+iC(s)||QK_i, /i„)|U'. (9.14) 

By (|9.6p . r„_i is the sum of 3 terms, say (I)+(II) + (III). The first one is 

(I) = p-i^'„_i^„_i$„_in,i$,;^^,;^*-^p,F(^.„_i). 

Using (j7.66p . like in the proof of Lemma [5771 no negative power of e appears in the estimate of (I). Using 
(1121) to deal with 11;^, for /3 > 0, 2 < s' + ^ < r - 8, one has 

||(I)IU' <C(,s + /3)A^„-^(||F(u„_i)||,,+0+2 + h„-i|U-+0+i3||P(«„-i)||2). 

The same argument applies to (II) and (III), whence 

||r„-i|U- <C(s' + /3)A^„-''(||F(u„_i)lU,+^+8 + ||w„_ilU-+^+i9l|P(w„_i)||2), 

2<s' + 13 <r~ 16. Applying (jS:^ . 

||r„-i|U' < C{s' + /3)iV-'5(l + \\ur,-i\U'+f3+i9) = C{.s + P)N~'^{1 + \\u„-i\U+p+2). (9.15) 

Now estimate the "high norm" Bk \\hk\\s+i3+2- To each k = 0, . . . ,n, apply (|9.13p with s + (3 + 2 
instead of s, and use (|8:23| : for 2 < (s + /? + 2) - a < r - 12 - 3/2, 

||/l/c+l||s+/3+2 < Nj^+iC{s + (3 + 2 - a){\\F{uk)\\s+l3+2~a+5/2 + ||Wfc |U+/^+2-a+17+5/2 ||-F(ufe) Ha) 

< N^+,Cis + (3){1 + \\uk\\s+p+2) (9.16) 

where, as above, a :== 17 + 5/2. For ((8T9| . ||mo||s+^+2 < C{s + I3) il s + 13 + 2 < r. Then, by (l9J6)) . 
Si = ||/ii|U+^+2 < ^fC(s + /3), and 

fc k 

<^^+iC(s + /3)(l + ||iiolU+/3+2 + ^||/i,IU+^+2) <iVr+iC(s + /3)(l + ^B,) (9.17) 

for 1 < fc < n. By (j9.ip . this implies that 

||/ifc||,+^+2 = Bfe <exp(6x''), (9.18) 

k = 1, . . . , n + 1. For, by induction: (|9.18p holds for fc = 1 if C(s + (3) exp[(aa — b)x] < 1, namely if 
(b — aa) is larger than some constant depending on {s + /3). Suppose that (|9.18l) holds for all j e [1, fc], 
fc > 1. For 6 > 1, 

k 

1 + exp{bx^) < Cexpibx''), Vfc £ N, 
i=i 
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for some universal constant C. Then, by (|9.17p . (|9.18l) also holds for k + 1 if C(s + /3) exp[x'^(aQ;x — 6x + 6)] 
< 1, namely if 

b-iaa>C{s + P) (9.19) 
for some C(s + /3) > 0, and ((051) is proved. Thus ||u„-i||s+/3+2 < C{s + ji) exp(6x""^), and, by (pi^ . 

||r„-i|U. < C(,s + /3) exp[x"-i(6 - /3ax)], A < C{s + /3) exp[x"-i(6 + aax^ - pax)]. 

As a consequence, Ar < ^exp(— 6x"^^) if 

aiPx-aX^)-H^ + X^)>C{s + P) (9.20) 

for some C(s + /3) > 0. 

Estimate Aq. _Since ||u„_i||,,+2 = l|u„-i|U-i5 < C(s), by (18:22]) we have Aq < iV^+iC(s)||/i„||2. 
This is < iexp(-6x"+^) if 

b~3ad>C{s) (9.21) 

for some C(s) > 0. Now fix 

5:= (3a + 1)5, /? [ax' + (1 + x')(3« + l)]x-^ (9.22) 

Since x = 3/2 and a = 17 + 5/2, /3 is a universal constant, and the constants C{s + (3) can be written 
as C(s). Fix a > C(s) sufficiently large to satisfy (l9+9l) . (|92Q1), ([QT]) and (l9+2)) . Then fix eo < C{s) 
sufficiently small to satisfy (|9.10p . All the above conditions on s hold if 

22<s<r-2-/3. 

Hence the minimal value for r is tq :— 24 + /3. Put sq := 22. For s = sq = 22 and r = ro, all the above 
constants that depend on s and Kg^r become constants depending only on Kg^^o- With this choice of 
parameters, the first estimate of {Pn+i){iii) is proved. 

The second estimate of {Pn+i){iii) can be proved by the same arguments. Observe that in every 
estimate for de there is an additional factor 1/e: indeed, terms like or P^, after being differentiated, 
have one degree less as powers of e. Terms like F(u„,e), 5'(u„,e), . . . , after being differentiated with 
respect to e, contain also terms like duF{un, s)[deUn\, du'^{un, e)[d^Un], ■ ■ ■ , and the loss of one degree 
as a power of e comes from (j9.9p . The estimates for i9„ and of all the terms are given in the previous 
sections (and remind formula (|4.5p for F{u,e)). 

For each e for which the sequence (u„(e)) can be constructed, by (j9.9|) m„ = ''^o + is a Cauchy 

sequence in H''°{T'^), therefore w„(e) converges in H'^" to some limit Uoo(e) G H"" as n — ?► cxd. Since the 
map H^" — J> H^"^^, u F{u,e) is continuous, ||F(u„,e) — F(woo,e)|Uo-2 ~^ 0- On the other hand, we 
have proved that 

\\F{un,e)\\s' < \\rn-i\\s' + \\Q{un-i,hn)\\s' = C{so)N-^Mr + Aq) < C(so)A^-+"iexp(-5x"+i) ^ 

as n — oo, where s' = sq — 17 = 5. Thus F{uoo, £) = 0. 

Now let 22 = So < si < S2, with si = Asq + (1 ^ •^)s2, and A e (1/2, 1). Apply (|9.16p with S2 instead 
of s + /3 + 2: for S2 - a < r- - 12 - 3/2 we get 

\\hk+i\\s, < N^+^C(S2){1 + hfclUJ Vfc > 0, 

for some constant C(s2) depending on S2- For (|8.19p . ||wo||s2 < C{s2) if S2 < r. Then the "very high 
norms" B'^ := \\hk\\s2 satisfy = \\hi\\s^ < A^fC(s2), and 

k 

bi+,<n^+,c{s,)(i + J2b'j), k>l. 
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Therefore there is a constant K{s2) such that 

\\hk\U^B'^<K{s2)eMbx''), k>l. (9.23) 

Let us prove (|9.23p . Since b — 3aa > 0, where a, b have been fixed above, the inductive step (fc fe + 1) 
holds for all k > fco(s2), for some fco(s2) depending on S2 which is sufficiently large. Note that the constant 
K{s2) have no role in the inductive step. Then choose K{s2) := niax{||/ife||s2 exp(— 6%'^) : 1 < fc < ko{s2)}, 
so that (p:^ holds for all fc > 1. Now, by (ITrT|) . (jOa and dH]), 



\\hk\U < nhkWtJhkWl;' < 2X(s2)i-^exp(-A6x'^)cxp((l - A)5x'^) = C(s2, A) exp((l - 2A)5x'^), 

and the series X]fc>i^^P((l ^ 2A)6x'^) converges because (1 — 2A) < 0. This implies that ||moo||si < 
IkolUi + J2k>i \\^k\\si < Since si < (so + S2)/2 and S2 < r - 12 - 3/2 + a, a = 17 + 5/2, this 
argument holds if 

r + 28 

If « = 0, 1, 2 that defines the nonlinearity M is of class C°° , then there is no upper bound for si, and 
the argument applies for every si > sq, whence Uoc G C°°. 

9.2 Proof of the measure estimate 

Go — (0,£o), Bo = 0. Let us estimate t/„+i,B„+i, n > 0. 

The set Qn+i is defined by (|9.8p . 'u„(e) is a function of e, and ^k{u,e), k — 2, 1,0, —2 is a 
function of (w,£). Therefore each eigenvalue Aj.j (M„(e), e) is in e. ;B„+i is the union 

Bn+i= U f^i:,, ni]^:={eegn:\XiA^n,e)\<^}. (9.24) 

Write the eigenvalues Xij{un{e),e) as 

Ai,j(w„(e),e) =iuj{l+p"{e)), 
nf N Ai2(w„(e),e) A*i(w„(e),e) . -pio(w«(£), e) . . .^ , /i-2(Mn(e),e) sign(j) 

(where we mean sign(j)j^^ = for j — 0). Since cj = 1 + 3e^ > 1, |A;,j(u„(e),e)| > |/ +p"(e)|, and 

C fij^ {e e g„ : \l+p^{e)\ < ^} V(/, j') £ W„+i. (9.25) 

For j = 0, p^{e) = p}^{e) = 0, therefore = for aU I ^ 0. The pair {l,j) = (0,0) does not belong to 
Wn+i, hence the case j — gives no contribution to the union (|9.24p . So let j ^ 0. 

^-2tlMf^^X-3e-^0{e% A^iK(^);^) =ib^^O{^\ MMe) e) ^^^^^^^ 

1 + 66'' 1 + 3£^ 1 + 66^ 

where 6 := nc(w?), and the precise meaning of 0{e^) is given by (j7.16p . (I7.17p . (j7.59p . (|7.60p . Therefore 

p;'(e)=jb1(l + £^r,"(e)), r7(s):=l(^ _ i) = _3 + ^ + 0(e). 

k^'(^)| < C* for some C > independent of j,n,e. Also, by Proposition [521 
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l&-|j||>%1 
As a consequence, 



2(5 < |r;'(e)| < C 
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for e < £o sufficiently small to have |r^(e) + 3 — 36/|j|l < 6. Suppose that e G ^ 0. Then, by the 
triangular inequality, 

+ < \l+p]ie)\ + \~p]{e)+M\< ^ +e'\jW-ie)\ < \ + Ce'\j\\ (9.26) 

\l + ^ 1 because / + is a nonzero integer. Thus we have a "cut-off"; if fi"^ 7^ 0, then 1 < 
l/2 + Ce2|j|2, and 

C <e\j\<eo\j\, (9.27) 
for some C > 0. Moreover, by (j9.26L I belongs to the interval 

- M - 1/2 - Cel\j\' < I < + 1/2 + Cel\j\\ (9.28) 

As a consequence, for any fixed j with |j| > C/ea, the number of integers / such that ft"j ^ does not 
exceed the number of integers I in the interval (|9.28p , namely 

: ^ 0} < 2(1/2 + Ce^ljf ) + 1 < C'el\j\^ (9.29) 

because 2 < Ceo|jp by (|9.27p (and the number of integers in an interval [a, b] is at most (6 — a + 1)). By 
(|9.25p . (j9.29l) implies that Bn+i is the union of a finite number of closed sets, hence Qn+i is open. 

From the chain rule, (jTlB . (jTTfl) . ([73g)) . (HSOl), and ||5eU„(e)||i2 < e-^C (which follows from dH])), 



aeP7(£)=jbl£(-6 + ^ + 0(e)) 



\3\ 

Hence, for any fixed j, the sign of 9ep"(e) is the sign of j(— 1 + 6/b|), which is constant with respect to 
e. By dnHZl), 

\deP]ie)\ = bf e| - 6 + ^ + 0(£)| > |jf e<5 > 

if So is sufficiently small. So p" is strictly monotone as a function of e, and, as a consequence, ri"^ is an 
interval, say [£1,62]. If is increasing, then 



rs2 

and analogous calculation if is decreasing. Thus 



^ >p;'(£2) -P,"(ei) = / a,p,"(£)d£ > Cb|(£2 -£i) = 



l"i:.l<— • (9-30) 



Also, < because r?^^. C Q]".. 

Now split the union (j9.24p into two parts, the union over the "old" indices £ W„+i fl Wn — Wn 
and the one over the "new" indices £ Wn+i \ yVn- By (|9.29p and (j9.30p . the Lebesgue measure of 
the union over the new indices is 

\[j^?.\<j:m< E ^,4\j\' = Cel ^ = C^oC„+i, 

new new JV„<|j|<Af„+i '•' ' N„<\j\<N„+i '•' ' 

where 

•= E up ' ^"+1 •= E up ' a'^d E ^" = E up = ^ < 
For old indices, let e e 17" -, with G W„. By the triangular inequality, u„ = m„_i + /i„, and estimates 

(EHi), (ina, (EMI), (EMI) for a„Mfe(^^,e), 

|Z+Pr'(^)l < \l+p]{e)\ + \p]is)-p]-\e)\ < ^ +Ce'\jf\\h,,{e)h2. 
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Since cg„, and G W„, 

C {e e C?„ : ^ < \l+p]-\e)\ Ce'mhnie)]^^} ■ 

As above, p"^^ is strictly monotone as a function of £, \dep'-^'^ {e)\ > C\j\, and ||/i„(e)||i2 < exp(-5x") 
by dlS]). Hence 

because |j| < iV„. By (|9.29p and (|9.ip . the Lebesgue measure of the union over the old indices is then 
\[jni^\ < J2 < Cet ^'exp(-6x") < C4<gxp(-6x") = Ce^ exp[x"(-6 + 4a)]. 

old old \j\<N„ 

Since 6 - 4a > a > 1 by X^^^o exp[x"(-6 + 4a)] = C < oo. We have proved that 

OO 

\Bn+i\ < Celbn+1, ^ &„ = C < oo. 

n=0 

Therefore | U„>i Bn\ < £qC, whence \Qoc\ > £o(l — £oC)- 
10 Appendix A. Kernel properties 

Proof of Lemma \5.1\ 1) Let ji,j2 be nonzero, qj^qj^ = qjs £ V for some j3 £ Z if and only if 

ji + J2 = js , -ji \ji\- k I j2 1 = -h lis I • 
Let nk := |jfe| and jfe = atrik, (Jk e {1, -1}, fc = 1, 2. If cti = (T2, then 

h = ji +i2 = +f^2), Jabsl = jiljil +^2^21 = (Ti{nl + nl), 

therefore jjap = (rii + 712)^ = {n\ + 71,2), and this is impossible because nin2 > 0. If cri = —172, then 

J3 = ji +i2 = 0-1 (rii - na), jaljsl = ji|ji| +^2^21 = cri(ni - nj), 

whence |n2 — ni|(ni + ^2 — |ri2 ^ ^iil) ~ 0. This holds only for n2 = ni. 

2) Let Ji, J2,j3 all nonzero. qjiqj2qj3 ~ qj^ £ for some J4 £ Z if and only if 

jl + J2 + is = ji , -jl \jl I - j2 1.72 I - J3 I js I = -JA I J4 I • 

Let n/c := [j/cj, jfc = crfe^ifc, k = 1,2,3,4, with cri,CT2,cr3 £ {1,-1} and 0-4 e {1,0,-1}. If cti = CT2 = CT3, 
then 

—nf — nl - nl + (ni + 712 + 723)^ = 0, 
which is impossible because 77i, 772, 713 > 0. If cri, a2, cr^ are not all equal, say cti = (T2 = — C3, then 

0-4774 = ji = jl + j2 + ,73 = + ^^2 - "3), 

0-4774 = ji \ji I = jl I jl I + j2 \j2 1 + js \j3 \=cri{nl + nl-nl). 

If ^4 — 0, then 

'-ll + ^-12 = JT-S, 774 + 772 = '^3, 

which is impossible because 771772 > 0. Thus ^4 7^ 0, 0-4 7^ 0. As a consequence, 

77i + 772 — 773 = 0-774, 77^ + 772 — 773 = O-774, (T 0-40-4 G {1, —1}. 
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If (J = — 1, then 

ni + n2 + = ns, n{ + + n\ = n1, 
which is impossible, as aheady observed. Thus <j — 1 and 

m - ns = 714 - n2, (ni - n3)(ni + ns) = (714 - n2)(n4 + 712). 

If Til 7^ ^3 , then the second equahty impHes ni + 713 — 714 + 712 . Therefore the sum of the two equahties 
gives 

m = 774, "3 = «2, 

hence j2 + is = because 02 — If, instead, 77i = 773, then also 772 = 774, and ji + ^'3 = because 

<yi = -cr3. □ 

11 Appendix B. Tame estimates 

In this Appendix we remind classical tame estimates for changes of variables, composition of functions 
and the Hilbert transform, in Sobolev class on the torus, which are used in the paper. For these classical 
estimates see also, for example: [22 j Appendix G; ^JS , Appendix; [S], section 2; [T^. Before that, remind 
standard Sobolev norms properties fLemma lll.ip and tame estimates for operators fLemma lll.2p . 

Lemma 11.1. Let d G N, d > 1, and sq > d/2. There exists an increasing function C(s) > 0, s > Sq, 
with the following properties. 

(i) Embedding. \\u\\l-- <C(so)1I"IUo for all u € H''»{T'^,C). 

(li) Algebra. \\uv\\,„ < C{so)\\u\\sM\so for 7i, t; G (T^ C). 

(777) Interpolation. For < Si < s < S2, s — Asi + (1 — A)s2, 

\\u\u<2\\u\\^^\\u\\l;^ yueH^HT'^X). (11.1) 

For < Si < CTi < fT2 < S2; 

\\u\\aMU<MMsM\s, VueH'^T'x). (11.2) 

([mjl . lfn:^ also HoU with all \\u\\s replaced by \u\s, u G W'''°^{T'^), s G N. 
(77;) Asymmetric tame product. For s > sq, 

\\uv\\s < C{s)\\u\\s\\v\U+C{so)\\u\\sJv\U yu,ve H%T^). (11.3) 

(7;) Mixed norms tame product. For s > 0, s G N, 

\\uv\\,<C{s){\\u\U\v\o + \\u\\o\v\s) \/ueH%T'), veW'^^iJ"). (11.4) 

Proof. (Hi): see [Sg, page 269. (iv): see the Appendix of [10] . (7;): write ^'"(Tiw) = X;/3+7=a(^''")(^^^'). 
use the elementary inequality ||(i)'^7i)(Z)''7;)||o < ||-D^7t||o|£'^w|o, then the interpolation (777). □ 

Lemma 11.2. Let < sq < s, and ca,Cs > 0. Let S be a closed linear subspace of Z (for example, 
S ^ Zq or S ^ ZoN r\Y). Let T : S n H"" S n be a linear operator. 
(7) Tame Neumann series. Let cq < 1/2. As.sume that 

||(T-/)/|U<co||/|U + c,||/|U„, ||(T-/)/|U„ <co||/|U„ (11.5) 
for all f e Sn . Then T : S D H''« ^ S D H'° is invertible, with 

WiT-' - I)f\U < 2co||/|U +4c,||/||,„, WiT-' - I)f\\so < 2co||/|Uo- (H-S) 
(77) Tame derivative of the inverse with respect to a parameter. Let 

||T-VlU<co||/|U + c.l|/lU„, llT-i/IUo <co||/IUo (11-7) 
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for all f E S C\ . Assume that T depends in a way on a parameter X in a Banach space, and the 
derivative {dxT)[X]f of T f with respect to A in the direction A satisfies 

||(9AT)[A]/||,<6o||/IU + fo.||/IUo, \\{dxTmf\\s„<b4f\U, (11.8) 
for all f S n , for some constants ba,bs > 0. Then is also a function of X, 

dxT-^[X] = -T-\dxT[X])T-\ (11.9) 
\\dxT-'[X]f\U < iiclbo)\\f\\s + (16co6oc, + 4c§6.)||/|U„, \\dxT-'[X]f\U„ < cg6oll/lUo- (H-IO) 
Proof, (i). Let A -.^ I — T . By induction, 

\\A-f\U<c-M\\s+Csnc--'\\f\U„, \\A-f\U<cS\\f\U„, n>l, 
where A^f means A{Af) and so on. Since cq < 1/2, 

C30 oo oo 

n— 1 n—0 n—1 

Hence, by Neumann series, T is invertible, and T^^ — I = ^" satisfies (jll.Gp . 

(a) Formula (111.91) follows from differentiating the equality TT^^f = f with respect to the parameter 
A. (iTT^ . Iirra . flT^ give (fTTTU)) . □ 

Lemma 11.3 (Composition of functions), (z) Let f{x,y) be defined for y = (yi,...,?/m) in the ball 
Bi = {y e M™ : \y\'^ = X]t=i l^jP < 1} "^"^ ^ — (xi, ■ ■ ■ ,Xd) £ K'^, and let f be 2n periodic in 
Xi, . . . , Xci- Assume that f has continuous derivatives up to order r > which are bounded by WfWc < oo. 
Let u e i7'^(T'^,R"'), with u{x) e Bi for all x. Let f{u){x) = f{x,u(x)). Then 

\\f{u)\\r<C\\f\\cA\\u\\r + l). 

The constant C depends on r,d,m. 

[a) Let f,f be like in (i), and assume that Wd'^fWc- < Kr for all \a\ < N + 1. Let /(")(u)[/i]" denote 
the n-th Frechet derivative of f at u in the direction [/i]" = [h,...,h]. (f'^^\u){x) is simply the n-th 
Frechet derivative of f{x,y) with respect to the variable y, evaluated at the point {x,y) = {x^u{x)) ). If 
u,he H''(T'^, K"), with u{x),u{x) + h{x) e Bi for all x, then 

^ 1 

f{u + h)-y2- /(")(^) < CKr \\h\\^^m\r + \\h\\L^ \\u\\r). 

C depends on r,d,m,N. 

(Hi) Let u G H'''^'P{T'^ . Let D^u{x) be the list of all partial derivatives d"u{x) of order \a\ — k. 
Let f{u){x) = /(x, u{x), Du{x), . . . , DPu{x)), where f is like in (i) for a suitable m. Then 

\\fiu)\\r<C\\f\\c^i\\u\\r+p + l) 

provided {u{x),Du{x), . . . ,D^u{x)) G Bi for all x. C depends on r,d,p. 
If in addition, \\dyf\\c^' < Kr for all \a\ < N + 1, then 

^ 1 

/(w + /l)- V -/(")(") <CKr\\hC,,^i\\h\\r+p+\\h\\wP.^\\u\\r+p). (11.11) 

n=0 

C depends on r,d,p,N. 

(iv) The previous statements also hold when all the L^-based Sobolev norms \\u\\r are replaced by the 
L°° -based Sobolev norms \u\r = = X)fc<r • 
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Proof, (i). See [33], section 2, pages 272-275. (m). Use Taylor's formula with integral rest and the 
inequality \\ u{X,-)dX\\f. < \\u{X,-)\\ldX, which holds for u{X,x) e 77'"(T^), depending on the pa- 
rameter A, by Holder's inequality. As an alternative, see [5S], Lemma 7 in the Appendix, pages 202-203. 
{iii). Consider u = {u,Du, . . . .D^u) and apply (i), {ii). See also [33], page 275. {iv). See [T7], Lemma 
2.3.4, page 147 for [i) in the W"^'^ case, (ii), (iii) can be adapted with no difficulty (the norms 
satisfy the algebra and interpolation properties, which are the core of the proofs). □ 

(iii) of Lemma lll.3l is used for the nonlinearity J\f{u). (ii) is also used for N — 0, u = 0, mainly for 
fiy) = f{y) = cos(2/), fiv) = (1 + yY , p G M: ' 

\f{h)- fms<C\hl \/h^W''^{T\K), |/i|o<l, (11.12) 

where C depends on / and s. 

The next lemma is also classical, see for example [TBI, Appendix, and Appendix G. However, in 
those papers it is stated slightly differently than in Lemma [11.41 especially part (i), therefore we prove 
it, adapting Lemma 2.3.6 on page 149 of 1 7 . 

Lemma 11.4 (Change of variable). Let p -.W^ ^ he a 2tt -periodic function in W™'°° , m > 1, with 
\Dp\o < 1/2. Let fix) = x+p{x). Then: 

(i) / is invertible, its inverse is f~^{y) — g{y) = y + q{y), where q is periodic, q G VK™'°°(T'^, M'*), 
and \q\m < C\p\m- More precisely, 

|g|o = bio, |^<zlo < 2|-Dp|o < 1, |-DgU-i < C\Dp\^_i. 

The constant C depends on d,m. 

(ii) If u ^ i?'"(T'*,C), then u o f{x) — u{x +p(a;)) is also in H™, and, with the same C as in (i), 

\\uof\\,-,<C{\\u\\„,+ \Dp\rn-l\\u\\i). 

(iii) Part (ii) also holds with \\ \\k replaced by \ \k, namely \u o /|„j < C(|m|„i + |-Dp|„i-i|u|i). 

Proof, (i). For every y G R'^, the map Gj^ : R"* — > R*^, Gy{x) — y — p{x) is a contraction because |-Dp|o < 
1/2, therefore Gy has a unique fixed point x = Gy{x) in W^, and the inverse function g = f^^ -.W^ 
is globally defined. Let q{y) := g{y) — y. 

Since p is periodic, f{x + 27rTO) = f{x) + 27rm for all m G Z''. Applying g to this equality gives 
X + 27rm = g{f(x) + 27rm), namely g{y) + 27rm — g{y + 27rm) where y = fix), and this means that q is 
periodic. Hence g, like /, is also a bijection of T"* onto itself. 

The identity f{g{y)) =y gives 

q{y)+Piy + q{y))=0, q{x + p{x)) + p{x) = {) Va;,yGR'^. (11.13) 

(111.131) implies that |g|o = |p|o- By Neumann series, the matrix Df{x) = I + Dp{x) is invertible for a.e. 
X, {Df{x))-^ = Tn^^i- Dp{x))^, and \{Df)-^^ < 2. Differentiang (|TLT31) . 

OO 

Dq{y) = - [Df{y + q{y))] Dp{y + q{y)) = Y.[-Dp{g{yW, (11.14) 

n=l 

whence l-D^lo < 2|Dp|o < 1. Differentiating (|11.14l) . 

{D^q){y) = -[{Df){g{y))]-\D'p){g{y))Dg{y)Dg{y), 

and l-D^glo < 8|I?^p|o. (i) is proved for m = 1 and m — 2. 

In general, by the "chain rule" , the m-th Frechet derivative of the composition of functions uo v is 

m 

U"'{uov){x) H Ckj{D''u){v{x))[D^'v{x),...,D^''v{x)], (11.15) 

fc=l ji+---+jk=m 
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where ji, . . . , jfe > 1, and Ckj are constants depending on k,ji, . . . ,jk ([H], page 147). Apply (jll.isp to 
fog: since f{g{y)) — y, D"^{f ° g) = for all m > 2. Separate k — 1 from fc > 2 in the sum (jll.lSp and 
solve for D™g, 

m 

D"^g{y)^-Dg{y)J2 E Ck,{D' f )ig{x)) [D^^ g{y), . . . , D^" g{y)]. 

k=2 ji+...+jk=m 

D"^g = D™q and D'^ f = D^p because k,m > 2. Since /c > 2, it is 1 < < m - 1 for alH = 1, . . . , fc, 
because there are at least two ji, j2, each of them > 1, and J^ji — -f'o^ k = m one has ji = 1 for all 
i = 1, . . . , m, and the corresponding term in the sum is estimated 

\{D^p)og[Dg,...,Dg]\o < |i?>|o|i?5lo" < C|Z?pU_i, 

because \Dg\o = |/ + Dq\o < 2. For 2 < fc < m — 1, at least one among ji, . . . ,jk is > 2 (otherwise 
k ^ m). Let £ be the number of indices ji that are > 2, so that 1 < £ < k. It remains to estimate 

ni—l k 

EE E CkeAD''p){giy))[Dgiyt-'[D^^q{y),...,D'^'q{y)], (11.16) 

k=2 e=l <Ji + ...+<j i=m-k+l 

where indices ji > 2 have been renamed cti , . . . cr^ , the number of indices ji — 1 is k — £, and D'^^g = D'^'q 
because (7^ > 2. Every factor Dg in (|11.16p is estimated by \Dg\Q < 2. For the remaining factors use the 
interpolation between and to — 2, which is possible because l<cri — 1<to — 2, and use the formula 
(7i + ... + (Ji — ni — k + £, 

liD'^p) o g [D'^-q) . . . {D-'q)\^ < \D'^-' D^p\o\D-^-' Dq\o . . . \D-'-'Dq\o 

n-L~2~(k-2) fc-2 / Tn-2-(<T^-l) Jj-l 

<C\D^p\o iD'pC-lW^qlo 1^91-^ 

1=1 

^C\Dqfo'WD^p\o\Dq\ra-2)''^{\D^p\r,^-2\Dq\o)^ 

< C\Dqfo-\\D^p\o\Dq\m-2 + \D^p\m-2\Dq\o) 

< C{\Dq\„^-2 + \Dp\,n-l). 

Collecting all the terms in the sum, we have proved that 

|^"9|0 < C{\Dp\.ra-l + \Dq\rn-2). (11.17) 

Now use the induction on m. We have already proved (Pm) \D<l\m-i < C\Dp\m-i for to = 2. Assume 
that (Pm-i) holds. Then (P^) follows from pTTfl) . 

(iii) follows a similar argument, using formula (Ill.lSp and interpolation for W'''°° norms; see [T7], 
Lemma 2.3.4, page 147. 

(m) \\u o /IIq < C||u||o, because, changing variable x — g{y) in the integral, 

WuofWl^i \u{f{x))\^dx^ [ \uiy)\^\detDgiy)\dy < W det DgU^ [ \u{y)\'dy < C\\u\\l (11.18) 

The TO-th derivative of m o /, to > 1, is given by formula (jll.lSp . The norm of a typical term of the 
sum is estimated by 

WD'^uifix)) [D^'fix), . . .,D^-f{x)]\\, < UD'^u) o /llop^VIU^ • • • 

\\{D''u)of\\o < Cl|L>'=u||o < C\\Du\\k^ihy pTT^ . Use interpolation (HHI) for \\Du\\k^i and interpolation 
with W'^'°° norms for all D^'^^Df between and m — 1, which is possible because k — l,ji — 1 are all in 
the interval [0, m — 1]. (Remember that Df is periodic, while / is not). We get 

WD'^uMD^'fU^ . . . WD^'fh^ < CWOfWl-^WlDulU-iWDfU^ + \\Du\\o\\Df\\w^-i.^). 

Now \\Df\\L^ < 2, and \\Df\\w,^-i.oa < C(l + \\Dp\\w^-i.a.). The sum gives the thesis. □ 
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The next lemma estimates the commutator of % with multipHcation operators and changes of variables 
that are used in the paper. See also \2Z\ , Appendices H and I. 

Lemma 11.5 (Commutators of %). 1) Let s,mi,m2 £ with s > 2, mi,m2 >0,m — mi +TO2. Let 
f(t,x) e ff''+"(T2,C). Then [f,'H]u = fUu - n{fu) satisfies 

ii9r[/,^]5r«ii.<c(5)(iiziiuii/ii„,+2 + ibiii2ii/ii™+s). 

2) Let a : T — >■ T a function, and Au{t,x) — u(a{t),x). Then [AjTL] = 0. 

3) There exists a universal constant 5 G (0,1) with the following property. Let s,mi,m2 G N, m — 
mi+m2, I3{t,x) G M/''+"+1'°°(T2,]R), with \l3\i < S. Let Bh(t,x) = h{t,x + l3{t,x)), h e H''(J^,C). 
Then 

\\d:^HB-'nB - n)d:^'h\U < C{s,m)i\l3\„-,+i\\h\U + \/3\s+rn+i\\h\\o). 
Proof 1) Let u{t,x) = Efcez Wfc(t) e^'=^ f{t,x) = Ekez fkit) e'"^ , and 

S = {{k,j) e Z2 : sign(fc) - sign(j) ^ 0}, S{k) = {j £ Z : (fc, j) e S}. 
Since H(e''^^) = — isign(fc) e*'^^, 

^ /,_fe(t)ufe(t)5(fc,j)(*jrK*fc)™^e'^'-= ^ (the same), 
fc.jez (fc,j)GS 

where 5{k,j) :— ~i (sign(fc) — sign(j)). If (fc,j) G S", then 

\k-j\^\k\ + \j\, |j|<|j-A:|, |A:|<b--fc|. 

Therefore \j"^^k"'-'^\ < |A: — If j, k are Fourier indices for the space and n, I for the time, 



2 
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and this gives the usual tame estimate for the product (9™/)u. The estimate holds with || ||s„ with 
So > 1^/2 — 2/2 = 1, so we fix sq = 2. 

2) Trivially Anu{t,x) EfcWfe(aW) (-« signfc) 6**^"= = HAu{t,x). 

3) Following |23) . Appendix I, it is convenient to use the representation of H as a principal value 
integral, 

Hu{t,x)^^p.v. I -^^^r^^dx' = ^ lim I r V r^"| "/^'""'^ dx'. (11.19) 

27r Jt tan ^(a; — a;') 27r e^o+ w^j-tt Jai+e Jtan^(x — x') 

Let / + /3 be the inverse of / + /3, namely x + /3(t, x) = y if and only if x = y + j3{t, y). Changing variable 
x' + I3{t,x') = y', dx' = (1 + ^y' {t,y')) dy' in the integral, 

B-'HBu{t, y) - i p.v. J u{t, y') dy, { log sin (i [y + /3(t, y) - y' - ^{t, y')] ) } dy', 

therefore 

(i?-i-WB - -W)«(t, y)^ f u{t, y') K{t, y, y') dy' , (11.20) 



where the kernel K is 



K{t,y,y') ^-dyAog( 

TT \ 



sin^(y - y') 
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If P is sufficiently regular, then K is bounded, and the integral in (jll.20p is no longer a singular one. 
Denote 7^ = B-^HB - H. Then 



9,"^7^9,"^^i(^,2/)= {d;;^u){t,y')d;;^K{t,y,y')dy'= / u{t,y') {~ir^ d;;^d;;^ K{t,y,y') dy' , 
Jt Jt 

every space derivative goes on K and does not affect u. Hence 



J2 



2 



TZu\\l= u{t,y')K{t,y,y')dy' dy dt < C \u{t,y')\^\K{t,y,y')\^ dy' dy dt < C\K\l\\u\\l 
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for ||9*(a™l7^a™2^t)||o replace K with (9^+"i9™^X and for \\d^{dpndpu)\\o calculate the usual deriva- 
tives of a product. Thus 

\\d';^nd;;'u\\s < c{\\uUku + \\u\\o\ku+„,). 

Now write K = {l/n)dy' log(l + /), where 

„ sini[y + /3(i,y) -sini(2;-y') 
sm 2(2/ - y') 

and decompose / = abc, 

a{y,y) = ^-n Kt,y,y) = = / ^, Ay + (i - a y dA, 

sini(y-y') y - y' Jo 

c(i, y-,y) ^ I cos dA. 



a G C°° for ly' — y| < tt (by periodicity, take T = [y — tt, y + tt] when integrating in dy'). \b\s < C|/3|s+i < 
C|/3|s+i by Lemma [11. 4r ?). All the derivatives of c of order < s are bounded if /3 G with tame 

estimate 

|cU < C(s, |/3|o) (1 + |/3|s) < |/?|o) (1 + 
As a consequence |/|o < 1/2 if < S for some universal (5 G (0, 1), and |iir|s < C(s)|/3|s+i. □ 

Remark 11.6. Inequality 1) of Lemma [11.51 can also be proved in a simple way using (|11.19p . see [53], 
Appendix H. □ 

12 Appendix C. Proofs 

Proof of Proposition [GTH Apply LemmaEj^w): let/(a;,y) ^d^gi{x,y), \a\ = 1. Bv ((T3)) . agffx.O) 
for all < 2, and, by Taylor's formula (jll.lip for iV = 2 (with / defined as in Lemma [TTT^l) . 

|/(C/)|.^ /(C/)_^i^/(»)(0)[C/]" <C(s)|t/|^|f/|,+2<C(s)||C/||l||[/||,+4. (12.1) 

Suppose that ai = {d^g,){x, U, UU, ...)== /([/), where = ew + e^^. Then ([T^ gives 

|ai|, < C{s)\\ev + e'u\\l\\ev + e^u\\s+i < s''Cis){\\v\U + eK)^\\v\U+^ + e\\u\U+i) < e^Cis,K){l + \\u\Ui) 

because ||ul|4 < K and j|u||s+4 is a certain constant C(s) depending on s. Also 02,04,03 — and 
05 — 3{U'^)x are of the type {dygi){x, U,7iU, . . .), therefore they satisfy the same estimate as oi. The 
additional part in 03 and 05 comes from the cubic term dx{U^) of the nonlinearity Af(U). One has 

|f/2 _ £^v\ = e^\2vu + eu^ls < e^C{s, K)\u\, < e^C{s, i^)||M||,+2 

because U — ev + e^u, and the estimate for 03 — e^Sw^ follows. Similarly for 05. 

The derivatives 9„oi and d^ai are obtained differentiating the equality oi = {dygi){x,U,'HU,...), 
therefore they involve d^gt with |/3| = 2. Then apply Taylor's formula (111. lip with = 1 and evaluate 
at U, as above. □ 
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Remark 12.1. In the estimate for 9„ai there is a factor more than in the one for d^ai because 
9„t7[/i] — e^h — O(e^), while 8^11 = v + 2eu = 0(1). The point becomes very evident in the simplest 
case g{x, U, . . .) — U^. □ 

Proof of Proposition [7^ By Proposition 1511 for s = and e < eo, |ai|o < £'^C{K) < elC{K) < 1/2 
if eo is small enough. | J a dx\s < 2TT\a\s for all a{t, x). Applying (|11.12[) with f{y) = {l+y)P, p = —1/2, —2 
gives 

\p-lU<C{s,K)\ai\s<e''C{s,K){l + \\u\Ui), < s < r. (12.2) 
Differentiating the formula for p(u, e), and using estimates on ai, 

\dup{u,e)[h]U < C{s,K){\duai[h]U + |aiM9uaiN|o) < e^C(s, K){\\h\\s+4 + \\u\\s+4\\h\U), (12.3) 

and similarly \dep{u,e)\s < e'^C{s, K){1 + ||u||s+4), for all < s < r. 

^2 =nc(p), therefore, using (1^1) with s = 0, \p2 - 1| = |nc(p- 1)| < \p - l\o < e^C{0, K)\\u\\i = 
e^C{K) < 1/2. Also, \dufi2{u,e)[h]\ = \Ilc{duPiu,e)[h])\ < \duPiu,e)[h]\o, then use (fT^ with s = 0. 
Similarly for deP2- 

a satisfies (|7.7p . namely ^2(1 + «') = P- Thus a' = P2^[{p — 1) + (1 — ^2)], whence \a'\s < 2(|p — 
l|s + IM2 - 1|)- Moreover |a|s+i < C\a'\s because a eY, a(0) = 0, and \a{t)\ = \a{t) - a{0)\ < n\a'\o for 
all |t| < TT (Poincare inequality for odd functions). The derivatives of a are obtained differentiating the 



equality /i2(l + a') — p. Similar argument for HeP using pi.l2p . because HeI^x — P^^^(l + ^i) — 1 
by (|7.8p . Thus a{u,e) and n£;/3(u,e) satisfy 

|a|,+i + \UeI3U + \TIeI3.\s < e'C(s, K){1 + \\u\Ui), (12.4) 
\dua[h]\s+i + \duinEm]\s < e^C{s,K)(\\h\\s+4 + \\u\\s+4h\U), < s < r, (12.5) 
\d,a\s+i + \de'nEpU<e^C'{.s,K){l + \\u\\,+i). (12.6) 

a is defined in (fTTT]) . namely a = nT+c{w(n£;;3)t (1 + ni;/?^;) + 03(1 + n£;/3^)2}. Since UeP = O(e^), 



the only term of order £^ in a comes from 03 and it is e^IlT+ci'^v^)- v a, finite sum of Qj (|5.ip . therefore 
IIt{v'^) = 0. As a consequence, 

a - e^UciSv^) = TlT+cMliEMil + n^/?,) + a3(nB/?,)(2 + n^/?,) + (a3 - e^3v^)}. 

Then, using the estimates for IIb/?, (03 — e^Sw^) and their derivatives, 

\a - e^nc{3v^)\s-i < e^C{s, K){1 + ||u||.+4), (12.7) 
\d,,a{u,e)[h]\s-i < s^C{s,K)i\\h\Ui + ||M||,+4||/i||4), 1 < s < r, (12.8) 
IdMu, e) - enci6v^)U-i < s^C{s, X)(l + \\u\U+i) (12.9) 

(s - 1 because \UEPt\s-i < IHePU)- 

By (fTT^ . p,i = nc(cr), and the estimates for p.i follow from (f]^7|) . (fT^ . (fT^ with s = 1. 

Since a — pi = a ~ nc(o-) — IlT{cr), by (j7.1ip ^7' — pi{l + a') — cr = pia' — UT{a). By Poincare 
inequality, \j\s < C\j'\s-i because j eY. The estimates for 7 — lixfi follow from those for a,a,^i and 
their derivatives, using the fact that w = 1 + 3e^. Hence (112. 4p . (I12.5p . (|12.6p hold not only for n^/S, but 
also for 7 = HtP, and, as a consequence, for /3 too, for 1 < s < r. 

By Lemma [11.4f z1. \a\s + \f3\s < C{s){\a\s + |/3s). Choose a smaller eo, if necessary, to have eQC{K) < 
1/2 in (fflB . (frnt . (17^23)) hold by Lemma [TOl Since 

a{t) + &{t + a{t))^0, /3{t,x)+i3{t + a{t),x + l3{t,x)) ^0 '^{t,x)<ET^, (12.10) 

the derivatives of a,/3 with respect to the parameters (u,e) are obtained by differentiating (jl2.10l) with 
respect to u or e, whence 

dua[h] = -(1 + ar) ^-'{dua[h]}, dj[h] = -(i + ^y) ^''{d^m]} - ^-^{dua[h]}, 
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and similarly for d^a, i9e/3. (Given a diffeomorphism depending on a parameter, this is nothing but 
the formula for the derivative of the inverse diffeomorphism with respect to the parameter.) Using 
p^ . P^ and (17231), for s + 1 < r we get 

\dum\s < e^C{s,K){\\h\U+^+\\u\U+5\\h\\5), \dJU < e^C{s,K){l + hH.+s), 

and the same for a. These inequalities also hold for a,/3 (actually, a, (3 satisfy (jl2.5D . (|12.6L which are 
stronger). 

To prove (|7.22p , consider the one-parameter family of changes of variables 

{'^xf){t,x) = f{iPx{t,x)), iPxit^x) = {t + Xa{t),x + \l3{t,x)), < A < 1. 

One has 

(* - I) fit, x) = fiMt, ^)) - fiMt, x)) = / (V/)(VA(t, x)) ■ (ait), (3{t, x)) dX. 

Jo 

Use Lemma [TOl to estimate ||*A/i||s and ||*a/x|U, then use (|11.4p . The same holds for The 
estimate for ^I',^'^^ hold because ||P/i||s < \\h\\s for all s. Repeat the same argument with norms | \s to 
prove (|7.24p . By the chain rule, the derivative of ^/ with respect to u in the direction h is 

dui^fm = du{f{t + a{t),x + Pit, x))}[h] = i'Jfftjduaih] + {^f^)dum, 

therefore (|7.25p follows using the interpolation (|11.4I) for products. Similarly for (|7.26p . 
Since 

[l + (v|/-ia')(T)](l+5'(r)) = l, 

(M-I) is the multiplication by the factor {'i'-^a') = -~a'/{l + a') =: p. Hence {M-I)f = ¥{M-I)f = 
P{pf) for all / S Zq, because P = / on Zq. By Lemma 111. 31 p satisfies the same estimate as a', and 
\a'\s < C{s)\a'\s < C{s)\a\s+i, then use and apply PT3| to get 

Ib/lls < e'C{K)\\f\\, + e'C{s,K){l + ||u||.+4)||/||2, 2 < s < r. 

For the derivatives duM-[h], d^Ai use (|7.19p . (|7.20p . Apply Lemma 111.21 to obtain the estimates for 
— I) and its derivatives. 

The estimates for a^, i = 6, . . . , 9 follow from formulae (|7.9p and the estimates for In ay put the 

term e^3v^ in evidence, namely write 

ujl3t + asjl + Px) _ ^ , 2o-2 _ ojPt + (as - b){l + /3^) + &(/?:. - «0 

1 + a' I + a' 

estimate ^^H?) using ((7?^ . the inequalities for a,/3, (03-6), and |6|s = C(s). For *~^(&) = - 
I)b, use (j7.22l) . Similarly for ag. Similar calculations for the derivatives duai[h], df^ai. 
To prove (|7.33p . write ^ as the composition of the two changes of variables A, B, 

^^AB, Ah{t,x) ^ h{t + a{t),x), Bh{t, x) ^ h{t, x + (3i{t, x)), 

where /3i := A-\(3), namely I3i{t + a{t),x) = (3{t,x). By Lemma^TM.n), ^''^'H* = B'^A'^HAB = 
B-^UB. By the inequality ((77^ for the change of variable A, < e^C{s,K){l + ||m|U+4)- Then 

apply Lemma [TTTBKiii). 

In TZi (see (17. 3p ) the coefRcients of dyTZ-u, k — 0,1, 2, are functions ft that satisfy \ fk\s < C{s, K){1 + 
||w||s+5) for s + 1 < r (two of them are aQ,as without the denominator (1 + a'), the other one is (|7.4p ). 
By (fTri)) . (fTT:^ . and d735)) . 

|IM^7^„a;'/l|U < e'C(s, m, K){\\h\\,{l + \\u\U+t) + \\h\\o\\u\U+.^+j) , fc = 0, 1, 2, 

for m>0, s + TO + 3<r. For the last term in TZi use (j7.2p . the estimate for ^'^^05, integration by parts 
\^c{fd^h)\ = |nc[(5™/)/i]|, the inequality \nc{fh)\ < C|/|o ||/i||o, LemmalHHi) to pass from 5,/3 to 
a,/3, and ([TT^ : 

\\Fi^-'a5)[Uc,^]d;'h\U^\\^-'a5MUc,^]dl''h\<e'C{s,m)il + M (12.11) 

The estimate for TZi follows. TZ2 satisfies the same estimate as TZi because TZ2 ~ AA^^TZi. For 7?.3, note 
that = nc(a9 + 7^2)• Use ^(LTJ) for then the same arguments as for (|12.11l) . □ 
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Formula for TZi. 

fc=0 

3 

fc=0 

fe=i 

3 

fc=i 

Proof of Proposition [7741 From the estimates for /i2, ^i, ag, ay, as, ag of Proposition [72] and formulae 
([73^ .(1735 1 for (/? it follows that 

||Re(^)||, + ||Im(^)||, < e^C{s,K){l + \\u\U+,), (12.12) 
||9„Re((/,)[/i]|U + \\dulm{if,)[h]\\s < e'^Cis, K){\\h\U+c + \\u\Uc\\h\U), (12.13) 
||c)eRe((^)||. + \\d,lm{^)\\s < eC{s,K){l+\\u\\s+c), (12.14) 

for 2 < s < r — 1, where c — 6 (in this proof we use (jll.Sp to estimate any product). As a consequence, 
by Lemma [11.31 and (|7.54p . a'-^^ — 1 and /3^°^ and their derivatives satisfy the same estimates (|12.12p . 
([m^ . dnH, with c = 6. 

g*^°^ is given by (|7.4ip . therefore its real and imaginary part satisfy (|12.12p . p2.13p . (|12.14p . with 
c = 8, for 2 < s < r - 3. The same for r?(i) because of fT^ . ^Ml- By formulae fTM^ . ([7311), (|73n)) . 
((748)) . ((73T|) . the same holds for 5(1), 77(2), with c = 10, 2 < s < r - 5, and for g^^\r]^^\ with c = 12, 
2 < s < r - 7. Since /C^) = 4^'^ f^°\ k ^ 1,2, 3, aU coefficients a^''), /JC'), fc = 1, 2, 3 and their derivatives 
satisfy (fm^ . pTT^ . (fTTTi)) . with c = 12, for all 2 < s < r - 7. By (fTT3)l . 

m - I)f\\s < C\\ coelf II2II/II. + Cis)\\ coeff ||,||/||2, 

where 'coeff' are (a(°' - l),;3("\a(*=\/3('=\ k = 1,2,3, and C does not depend on s. Therefore 

m - I)f\\s < e'C{K)\\f\U + e^C{s, K){1 + ||^||.+i2)||/||2. 

The estimates for and are obtained in the same way, using the estimates for the derivatives 

of the coefficients. Similarly, (TTM)) . ([735)1 follow because 9^($ - /)/ ($ - I)drf + $r/, where $r is 
the operator of the same type as $ that has coefficients ai*'' , P^"^ instead of a^^'' , , A: = 0, . . . , 3. Since 
< JI/IU, aU the estimate for 4> - / also hold for $ - P = P($ - /)P. ((73T)) . ((73^ and ([735)1 also 
hold for l>~^ by Lemma [TTT^ 

To prove ((736)1 for ^''^M^^^^^, write 

^-lyw-iip-i = i + S, S -.^ (^-^ -I) + (M-^ - /)§"^ + ($"^ - /)7W-i*-\ 

then apply (|7?^ . ([7?^ . ([7?^ and ([731)1 . Similarly for the other operators. 
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The estimates for ^01^-2 and their derivatives follow from formulae (j7.55p . (j7.56|) and the estimates 

ioi H2,ae,a7,as,ag,r]^^\g^°\ 

Now study the rest 7^. By ([TTM)) . for 2 < s < r - 6, 

\\n3d;;^f\\s<e'C{s,K){\\f\\, + \\f\\o\\u\\s+io), 0<m<3. (12.15) 

By definition, $ is a combination of multiplications and T-L,d~^. Every dy can be moved from the right 
to the left of any multiplication operator with elementary calculus: [a, dy] = —ay, namely, for every a, /, 

adyf = dy{af)-ayf, ad^f = dl{af)-2dy{ay,f)+ayyf, ad^f = d^{af)-3dl{ayh)+3dy{ayyf)-ayyyf. 

RecaU that the coefficients a^^', /^C') satisfy p2.12p . (|12.13p . (|12.14l) . with c = 12, 2 < s < r - 7. Moving 
d"^ to the left of $, m = 0, 1, 2, 3, the coefficients a'*^', 13'-''^ are subject to up to 3 derivatives in y. So 
applying (|12.15p gives 

||7^3P$9;"/||s < s^C{s, K){\\f\\, + ||u||,+io||/||2), < m < 3, 2 < s < r - 10. 
Each term of type (a) containing [b,7{\ can be estimated by Lemma lll.Sf t). whence 

P(a)9,"/|U < e^Cis, K){\\f\\s + ||u||s+i7||/||2), < m < 3, 2 < s < r - 12, 

and the same inequality also holds for each term of type (6) that contains H^. Thus it holds for 
Wllid^fWs. Since U := $-lP7^4 by (17371) . the estimate for 7^a™ follows from (TrHTH . □ 

Proof of (|9.6p . (The meaning of A, B,a,b,c in the following proof is independent on the rest of the 
paper). By ((O)) . 

F{Un) + F'(u„)/l„+i = F{Un) + P-^^nMn^nC4{Un)K^^~^hn+l 

= p-i*„^„l>„{l>-i^-i*-ip,F(u„) + Ci{u„)^-^^-'K+i}. (12.16) 
Let p = {• ■ •} be the quantity in parentheses in (jl2.16p . Let 

c |.-i^-i*-ip,F(u„) = n„+ic + n^+i c, 
A(wn) = A + p, A n„+i£4(u„)n„+i, B := n,!^^ £4(u„)n„+i + £4(u„)n,|_^;^. 

With these abbreviations, by the definition (|9.5|) = — n„-|_i'I'„$„yl^^n„+ic, whence 

$^i*;^i/i„+i = a + 6, a:= -yl-^n„+ic, b ^^^^^-^n^i+i vi/„$„A-in„+ic. 
Now p = c + (A + _B)(a + 6), and Aa + n„+ic = 0. Therefore 

p = n,-^+i c + Pa + (A + P)6. 

^n+i 'C4(Mn)n„+i = n^l;^]^ 7?,n„_(-i because £4(u„) = V + TZ and 2? is diagonal. Moreover £4(u„)n;|;^_]^a = 
because a e Z,,. Thus ([^^ follows. □ 

Proof of Lemma 18.51 (i) Lemma (18. 5p simply follows from Lemma [11.31 In particular, V2{e) satisfies 
(I12D. By Proposition [El (Byyiny) : V f] X ^ V CiY , h 3dth + Uvd,,{3vlh) is invertible, with 

\\{nvAnvy^h\\s <C\\h\\s-i VheVnY, s > l, (12.17) 

where C depends only on the set /C, like in dH]). By ([115]) and (fTTTTI) . ||AA4(^)|U < C'(s) l|/illill'i|U+2 for 
< s < r. Hence 

\\v2ie)\\s < Ce-^\\Afiiev,)\U-i < Cis)\\v,\\l\\v,\U+i - C'(s) (12.18) 

where C"(s) depends on s and ||ui||s+i. (112. 18p for s = 4 implies that e||wi||4 + e^||w2||4 < ^0 for all e < eg, 
for some £0 depending on ||wi||5. 
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To complete the proof of (j8.19p . differentiate (j4.2l) with respect to e, then use (I12.17p . 

\\d,v2{e)\\s < C{4e-''\\UvAf4{evi)\\s-i + e-^\\UvK{evi)[^^^^^ 
(j8.20p foUows from formula (|4.3p and estimates (18.19^ . To prove (ii), observe that 

Q{u,h,e) = e-^p-^(d^{3{evi+e^u){e^h)^+{e^hf}+M4{£vi+e^u+e^h)-M4{evi+e^u)-M^^ 

then apply (jll.lip to ^4. 

(Hi) follows from (j4.5p by the usual tame estimates. □ 

References 

[I] M. Ablowitz, A. Fokas, The inverse scattering transform for the Benjamin-Ono equation, a pivot for 
multidimensional problems, Stud. Appl. Math. 68 (1983), 1-10. 

[2] D.M. Ambrose, J. Wilkening, Computation of time-periodic solutions of the Benjamin-Ono equation, 
J. Nonlinear Sci. 20 (2010), no. 3, 277-308. 

[3] P. Baldi, Periodic solutions of forced Kirchhoff equations, Ann. Scuola Norm. Sup. Pisa, CI. Sci. (5), 
Vol. 8 (2009), 117-141. 

[4] D. Bambusi, S. Graffi, Time quasi-periodic unbounded perturbations of Schrodinger operators and 
KAM methods, Commun. Math. Phys. 219 (2001), 465-480. 

[5] T. Benjamin, Internal waves of permanent form in fluids of great depth, J. Fluid Mech. 29 (1967), 
559-562. 

[6] M. Berti, Nonlinear Oscillations of Hamiltonian PDEs. Progress in Nonlin. Diff. Eq. Appl., 74, 
Birkhauser, Boston, 1-181, 2008. 

[7] M. Berti, L. Biasco, M. Procesi, KAM theory for the Hamiltonian derivative wave equation, preprint 
2011, arxiv.org. 

[8] M. Berti, Ph. BoUe, Cantor families of periodic solutions for completely resonant nonlinear wave 
equations, Duke Math. J. 134 (2006), no. 2, 359-419. 

[9] M. Berti, Ph. Bolle, Cantor families of periodic solutions of wave equations with nonlinear ities, 
NoDEA 15 (2008), 247-276. 

[10] M. Berti, Ph. Bolle, M. Procesi, An abstract Nash-Moser theorem with parameters and applications 
to PDEs, Ann. Institute H. Poincare (C) Anal. Non Lineaire 27 (2010), 377-399. 

[II] J. Bourgain, Construction of quasi-periodic solutions for Hamiltonian perturbations of linear equa- 
tions and applications to nonlinear PDE, Internal. Math. Res. Notices 11 (1994), 475-497. 

[12] J. Bourgain, Periodic solutions of nonlinear wave equations, in "Harmonic Analysis and Partial 
Differential Equations", Chicago Lectures in Math., Univ. Chicago Press, Chicago, IL, 1999, 69-97. 

[13] N. Burq, F. Planchon, On well-posedness for the Benjamin-Ono equation. Math. Annalen 340 (2005), 
no. 3, 497-542. 

[14] J. CoUiander, C. Kenig, G. Staffilani, Local well-posedness for dispersion generalized Benjamin-Ono 
equations, Diff. Integral Eq. Internat. J. Theory Appl. 16 (2003), no.l2, 1441-1472. 

[15] W. Craig, Problemes de petits diviseurs dans les equations aux derivees partielles. Panoramas et 
Syntheses, 9, Societe Mathematique de France, Paris, 2000. 



45 



[16] J.-M. Delort, A quasi-linear Birkhoff normal forms method. Application to the quasi-linear Klein- 
Gordon equation on S^, Asterisque 341 (2012). 

[17] R.S. Hamilton, The inverse function theorem of Nash and Moser, Bull. Amer. Math. Soc. 7 (1) 
(1982), 65-222. 

[18] L. Hormander, The boundary problems of physical geodesy, Arch. Ration. Mech. Anal. 62 (1976), no. 
1, 1-52. 

[19] H. Inci, T. Kappeler, P. Topalov, On the regularity of the composition of diffeomorphisms, preprint 
2011, arxiv.org. 

[20] A.D. lonescu, C.E. Kenig, Global well-posedness of the Benjamin-Ono equation in low-regularity 
spaces, J. Amer. Math. Soc. 20 (2007), 753-798. 

[21] G. looss, P.I. Plotnikov, Multimodal standing gravity waves: a completely resonant system, J. Math. 
Fluid Mech. 7 (2005), 110-126. 

[22] G. looss, P.I. Plotnikov, Existence of multimodal standing gravity waves, J. Math. Fluid Mech. 7 (2005), 
349-364. 

[23] G. looss, P.I. Plotnikov, J.F. Toland, Standing waves on an infinitely deep perfect fluid under gravity. 
Arch. Ration. Mech. Anal. 177 (2005), no. 3, 367-478. 

[24] T. Kappeler, J. Poschel, KdV & KAM. Springer- Verlag, 2003. 

[25] S. Klainerman, A. Majda, Formation of singularities for wave equations including the nonlinear 
vibrating string. Comm. Pure Appl. Math. 33 (1980), 241-263. 

[26] P. Koosis, Introduction to spaces. Cambridge University Press, 1998. 

[27] S. Kuksin, Analysis of Hamiltonian PDEs. Oxford Lectures Ser. Math. Appl. 19. Oxford University 
Press, 2000. 

[28] J. Liu, X. Yuan, A KAM theorem for Hamiltonian partial differential equations with unbounded 
perturbations, preprint 2010, arxiv.org. 

[29] L. Molinct, Global well-posedness in the energy space for the Benjamin-Ono equation on the circle. 
Math. Ann. 337 (2007), no.2, 353-383. 

[30] L. Molinct, Global well-posedness in L'^ for the periodic Benjamin-Ono equation, Amer. J. Math. 130 
(2008), no.3, 635-683. 

[31] L. Molinet, J.C. Saut, N. Tzvetkov, Ill-posedness issues for the Benjamin-Ono and related equations, 
SIAM J. Math. Anal. 33, 982-988. 

[32] J. Moser, Gonvergent series expansions for quasi-periodic motions. Math. Ann. 169 (1967), 136-176. 

[33] J. Moser, A rapidly convergent iteration method and non-linear partial differential equations - I, 
Ann. Sc. Norm. Sup. Pisa CI. Sci. Ill Ser., Vol. 20, no. 2, (1966), page 265-315. 

[34] P.I. Plotnikov, J.F. Toland, Nash-Moser theory for standing water waves. Arch. Ration. Mech. Anal. 
159, (2001) 1-83. 

[35] P.H. Rabinowitz, Periodic solutions of nonlinear hyperbolic partial differential equations. Comm. 
Pure Appl. Math., Vol. 20 (1967), 145-205. 

[36] P.H. Rabinowitz, Periodic solutions of nonlinear hyperbolic partial differential equations. II, Comm. 
Pure Appl. Math., Vol. 22 (1969), 15-39. 



46 



[37] T. Tao, Global well-posedness of the Benjamin-Ono equation in H^{M.), J. Hyperbolic Diff. Eq. 1 
(2004), 27-49. 

[38] J. Zhang, M. Gao, X. Yuan, KAM tori for reversible partial differential equations, Nonlinearity 24 
(2011), no.4, 1189-1229. 



Pietro Baldi 

Dipartimento di Matcmatica e Applicazioni "R. Caccioppoli" 

Universita di Napoli Federico II 

Via Cintia, Monte S. Angelo 

80126 Napoli 

Italy 

E-mail: pietro.baldi@unina.it 



47 



